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Abstract

Oneof the key issuesof object-orientednodelinganddesignis inheritance.It allows for the definition

of subclassethatinherit featuresof somesuperclassinheritanceis well definedfor static properties
of classesuchasattributesand methods.However, thereis no generalagreemenon the meaningof

inheritancewhenconsideringhe dynamicbehaior of objects,capturecby theirlife cycles. This paper
studiesinheritanceof behavior bothin a simple process-algebraigettingandin a Petri-netframework.

Processlgebras chosenpecausét concentratesn behaior, while abstractingrom theinternalstates
of processes.The resultof the algebraicstudyis a clear conceptualunderstandingf inheritanceof

behaior. It canbe expressedn termsof blockingandhiding methodcalls. Theresultsin the algebraic
frameawork inspirethe developmenif the concepof inheritanceof behavior in the Petri-netframework.

The Petri-netformalismallows for a graphicalrepresentatiomnf life cyclesof objectswith an explicit

representatiorf objectstates.In the Petri-netframawork, four inheritancerules are definedthat can
be usedto constructife cyclesof subclassefrom the objectlife cyclesof given (super)classesThese
inheritancerules canbe usedto structurea designprocessandthey stimulatethe reuseof life-cycle

specificationslt turnsout thatthe combinationof blockingandhiding methodcalls capturesa number
of importantoperatordor constructindife cyclesof subclassegom life cyclesof superclassesamely
choice,sequentiaktomposition,parallel composition,anditeration. A small casestudy validatesour

approacho inheritanceof behaior.
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1 Intr oduction

To date,apopularapproacho the modulardesignof complex systemss the object-orientecapproachThe

modularity constructin ary object-orienteddesignmethodis the classconstruct. A classdescribesa set
of objectswith a commonstructureandbehaior. An objectis aninstanceof a class. Classeanay; for

example,describepersonsgcars,or productionunits. Objectsof suchclassesaretypically personX, car
Y, or productionunit Z. Eachclassand, hence,eachobjecthasa setof attributes Attributesdescribe
propertiesof objects.Thevalueof theseattributesdetermineghe stateof anobject. In addition,eachclass
hasa setof methodsA methodis anoperationon anobject. Methodsmay, for example be usedto readthe

valueof anattribute, or to changehe stateof anobject. Finally, a classcontainsa definition of the dynamic
behaior of objects.Thatis, it specifieghe orderin which the methodsof anobjectmaybe executed.Such
aspecificationis calledthelife cycleof anobject.

The Unified Modeling LanguaggUML) [69, 21, 58] hasbeenacceptedhroughouthe softwareindus-
try asthe standardobject-orientedramework for specifying, constructing visualizing, and documenting
software-intensie systems.The developmentof UML beganin late 1994whenBoochand Rumbauglof
RationalSoftware Corporationbegantheir work on unifying the OOD [20] andOMT [68] methods.In the
fall of 1995, Jacobsorandhis Objectorycompary joined Rational,incorporatingthe OOSEmethod[40]
in the unificationeffort. The givenreferenceso UML andthe othermethodsarea goodstartingpoint for
thereaderinterestedn anintroductionto object-orientedlesignincluding a detailedexplanationof all the
aborementionedtoncepts.

Oneof the main goalsof object-orientedlesignis the reuseof systemcomponentsA key conceptto
achieve this goalis the conceptof inheritance Theinheritancenechanisnallows the designeto specifya
class,the subclassthatinheritsfeaturesof someotherclass,its supeclass Thus,it is possibleto specify
thatthesubclasfasthesamédeaturesasthe superclassyut thatin additionit mayhave someotherfeatures.

Theconcepbf inheritancds usuallywell definedfor thestaticstructue of aclassconsistingof thesetof
methodsandtheattributes.However, asmentionedaclasscontainsalsoadefinitionof thedynamicbehaior
of anobject,the objectlife cycle. The currentversionof UML, Version1.3[58], supportsnine typesof
diagrams:classdiagramspbjectdiagramsusecasediagramssequenceiagramsgcollaborationdiagrams,
statechartiagramsactvity diagramscomponentliagramsanddeploymentdiagrams Four of thesetypes
of diagramsnamelysequenceliagramscollaborationrdiagramsstatechartliagramsandactiity diagrams
capture(apartof) thebehaior of themodeledsystem.Sequenceiagramsandcollaborationdiagramsonly



model examplesof interactionsbetweenobjects. Activity diagramsemphasizehe flow of control from
actiity to actiity, whereasstatechartliagramsemphasizahe potentialstatesand the transitionsamong
thosestates Both statechartliagramsandactivity diagramscanbe usedto specifythe dynamicsof various
aspect®f a systemrangingfrom thelife cycle of a singleobjectto comple interactionsbetweersocieties
of objects. Activity diagramstypically addresghe dynamicsof the whole systemincluding interactions
betweerobjects.Statechartiagramsaretypically usedto modelanobjects life cycle. Thereforewe focus
on statechartliagrams Statechartliagramsarebasedn a techniquenventedby Harel[38].

Looking at the informal definition of inheritancen UML, it stateghefollowing: “The mechanisnby
which more specificelementsncorporatestructureandbehaior definedby moregeneralelements. [69,
Page299]. However, only the classdiagramsgdescribingpurely structuralaspectof a class,areequipped
with a concretenotionof inheritance.lt is implicitly assumedhatthe behaior of the objectsof a subclass
is anextensionof the behaior of the objectsof its superclass.

Considertwo classedJnit; andUnit, modelingproductionunits. Both classedave the samemethods,
namelypmat andpmat, modelingtwo processingperationoninput material.Objectsof classUnit; first
executepmay andthenpmat,. Objectsof classUnit, performeitherpmat or pmat, but not both. Should
oneof theclassedJnit; or Unit, beasubclas®f theotherone?Althoughthetwo classedave the sameset
of methodstheir behaior is clearlydifferent. Hence the answetto the above questionshouldbe negative.

Therefore,in this paper we study several formalizationsof whatit meansfor an objectlife cycle to
extendthe behaior prescribedy anotherobjectlife cycle. Combiningthe usualdefinition of inheritance
of methodsand attributeswith a definition of inheritanceof behaior yields a completeformal definition
of inheritance thus, stimulatingthe reuseof life-cycle specificationsluring the designprocess.However,
it is beyond the scopeof this paperto develop a completeobject-orientedmethodincluding a notion of
inheritanceof life cycles. Instead this paperfocuseson the fundamental®f inheritanceof behaior. The
integrationof theresultsin afull fledgedobject-orientedlesignmethodis left for futurework.

Let usconsidetthequestiorof whenoneobijectlife cycle extendsanotherbjectlife cyclein somemore
detail. In otherwords,the questionis asfollows: Whenis one objectlife cyclea subclassof anotherlife
cycle? Thereseemto be mary possibleanswergo this question.It is importantto notethatwe have to ask
this questiorfrom theviewpoint of theenvironmentof anobjectconsistingof otherobjectsandpossiblythe
objectitself. Usually a methodoperatingon someobjectinteractswith the ervironmentof the object. Such
a methodis calledan external method. The orderin which externalmethodsmay be executeddetermines
the external behaviorof an object. The externalbehaior of anobjectdeterminesiow the ervironmentof
the objectobseresthe object. Sometimesa methodcanonly be executedby the objectitself andhasonly
internaleffects. Sucha methoddoesnot contrikute to the externalbehaior of anobject. The basisof this
paperis formedby two possibleanswergo the abore question Eachof theseanswergieldsa fundamental
form of inheritanceof behaior.

Assumethat p andq aretwo objectlife cycles.Thefirst answeris asfollows.

If it is not possibleto distinguishthe externalbehaior of p andq whenonly methodsof p that
arealsopresenin q areexecutedthenp is asubclasf q.

Intuitively, this basicform of inheritanceconformsto blocing callsto methodshew in p. In theremainder
life cycle p is saidto inherit the protocol of qg; the resultingfundamentaform of inheritances referredto
asprotocolinheritance

The secondanswetrto the abore questionis asfollows.

If it is not possibleto distinguishthe externalbehaior of p andq whenarbitrary methodsof
p areexecuted but whenonly the effectsof methodghatarealsopresenin q areconsidered,
thenp is asubclas®f q.



This secondbasicform of inheritanceof behaior conformsto hiding the effect of methodsew in p. Life
cycle p inheritsthe projectionof thelife cycle of p ontothe methodf q; theresultingform of inheritance
is calledprojectioninheritance

As mentionedUML usesstatechartliagramdo specifyobjectlife cycles. Althoughthegraphicahature
andthe explicit representatioof statesareessentiato the successaindusefulnes®f UML, particularlythe
latterimpedesa clearunderstandingf inheritanceof behaior. For studyinginheritanceof life cycles,the
mostimportantaspectf a life cycle arethe statechanges and not the statesthemseles. Therefore the
first part of this paperstudiesthe problemof inheritanceof behaior in a process-algbraic setting In
generala process-algebraitheorydoesnot have an explicit representationf processstates.In addition,
it hasbeenmentionedthat blodking and hiding methodcalls play a fundamentatole in inheritanceof life
cycles. In process-algebraiterms,the former correspondso encapsulatiorandthe latter to abstmaction
Encapsulatiorand abstractiorare well understoodn the context of processalgebra. Note that the terms
“abstraction”and“encapsulation’in processlgebrahave adifferentmeaninghanthesameermsin object-
orienteddesign.In this papey they alwaysreferto the process-algebraiconcepts.The secondpart of this
papertranslateghe resultsdevelopedin the algebraicframenork to Petri nets Petri nets have a solid
theoreticalbasisand, dueto their explicit representationf processstatesandtheir graphicalnature,they
arecloseto the statechartliagramgaswell asthe activity diagramsjusedin UML. Thetranslationof the
fundamentalsievelopedin Section4 to Petri netsis illustrative for translationgto other graphical,state-
basedformalismssuchas statecharts.To validatethe approachto inheritanceof behaior chosenin this
paperthefinal partof this paperdiscussea casestudy It describesheuseof inheritancean thedesignof a
groupvareeditor

Theremaindeiof this paperis organizedasfollows. Section2 introduceghe basicsemantidramenork
usedthroughoutthis paper The framewvork of labeledtransitionsystemsds usedto formalizethe notions
of a processand equivalenceof processesThe procesdramevork is usedin the remainderof the paper
to preciselydefinethe behaior of process-algebraitermsand Petri-netmodels. Sections3 and5 pro-
vide introductionsto processalgebraand Petrinets,respectrely. Thesesectionscontain(almost)no new
material. They areincludedto provide a soundbasisfor the othersectionsof this paperandto make the
paperself-containedReadersalreadyfamiliar with processalgebraand/orPetrinetsareadvisedo brovse
throughthesesectionsin orderto get familiar with the exact framewvorks and the notationthat is being
used. In Section4, the conceptof inheritanceof behaior is developedin a process-algebraisetting. In
Sectionss and7, theresultsof the algebraicframenork aretranslatedo Petrinets. Section6 containsthe
basicdefinitionsandresults whereasSection7 focuseson a setof transformatiorrulesthatcanbe usedto
constructsubclassefrom given objectlife cycles. In Section8, a small casestudyis described.lt shavs
how thetransformationrulesof Section7 canbeusedto structureanobject-orientedlesignprocessFinally,
Section9 discussesomeconclusionsrelatedwork, andopenproblems.

2 ProcessTheory

2.1 Processes

A very naturalandelementaryvay to formalizea behaioral descriptions by meanf alabeledtransition
system A labeledtransitionsystemis a setof statesplus a transitionrelation on states.Eachtransitionis
labeledwith anaction In the contet of this paperanactiontypically correspond$o a methodinvocation.
For our purposesthe detailsof methodsare not important. Therefore,actionsareassumedo be atomic
entitieswithout internal structure. The setof statesin a labeledtransitionsystemis an abstractiorof all
possiblestatesof anobject. Thetransitionrelationdescribeshe changdan the stateof anobjectwhensome
method thelabelof thetransition,is executed.



The basicnaotion in the frameavork of labeledtransition systemsusedin this paperis the so-called
processspace A processspacedescribes setof processesA processspaces alabeledtransitionsystem
as describedabove extendedwith a terminationpredicateon states. Eachstatein a processspacecan
be interpretedasthe initial stateof a process.A processis a labeledtransitionsystemextendedwith a
terminationpredicateand a distinguishednitial state. The terminationpredicateof a processdefinesin
what statesthe processcan terminatesuccessfully If a processs in a statewhereit cannotperformary
actionsor terminatesuccessfullythenit is saidto bein adeadlo& The possibilityto distinguishbetween
successfuterminationand deadlockis usefulin the remainder Processspacedorm the basicsemantic
framework in this paper A predicateon the elementof somesetis represente@sa subsef this set: It
holdsfor elementsn the subsetandit doesnot hold for elementutsidethe subset.

Definition 2.1. (Processspace)A processspaces aquadrupleP, A, —, | ), whereP is a setof states,
A is asetof actions,. — _ € P x A x P is aternarytransitionrelation,and | - € P is atermination
predicate.

Let (P, A, —, | ) besomeprocesspace.Eachstatep in P uniquelydetermines procesghatconsists
of all stategeachabldrom p.

Definition 2.2.(Reachability) Thereadability relation_ == _ € P x P is definedasthe smallestelation
satisfying.forary p, p’, p” € P anda € A,

p== p and

(p=pArp—p)=p=rp.
Statep’ is saidto bereacablefrom statep if andonly if p== p’. Thesetof all stategeachabldrom p is
denotedpsx.

Definition 2.3. (Process)et p beastatein P. The procesdefinedby p is the 5-tuple (p, p*, 4, — N
(px x A x px), | N px). Statep is theinitial stateof theprocess.

In theremainderprocessesgreidentifiedwith their initial states.Sometimesit is intuitive to think about
elementof P asstateswhereasometimest is morenaturalto seethemasprocesses.
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Figure2.4: Somesimpleexamplesof processes.

Example 2.5.Figure2.4 shavs someexamplesof processemodelingvariantsof a very simpleproduction
unit. Processstatesare depictedasdots. The initial stateof a processs marked with a smallincoming



arronv. The productionunit in Figure 2.4(a) is a simple sequentialprocessthat startswith receving a
commandby performingactionrcmd After it hasreceved a command,t processesomeinput material
(pmad, outputsthe processednaterial(omap, andthenterminates.The unit in Figure2.4(b) is the same
processgexceptthat, uponreceving a commandjt may deadlock.A reasoncould be thatthe commands

not understoodThe processn Figure2.4(c) is avariantthatiteratesthe behaior of the productionunit in

(a). It doesnot have anoptionto terminate.The productionunit of Figure2.4(d) is againa non-iteratve

process.The interestingaspecibf this processs thatit exhibits concurreng (assuminga total-orderview

onconcurreng). In parallelto its outputaction,it sendsaready-processingignal (sprdy) to, for example,
anoperator This canbe usefulfor anoperatowho mustpick up the processednaterialif processindakes
a large, but variableamountof time. In the context of processspacesgconcurreng typically meansthat
actionsmaybeexecutedn ary order

As mentioned,processspacesare usedto provide the process-algebraiand Petri-netformalismsin the
remaindemwith aformal operationakemantics However, it might occurthatthe behaior of two different
processess very similar, even to suchan extent that the processesnay be considerecequialent. The
next subsectiorformalizestwo so-calledsemanticequivalenceaelations A semanticequivalenceprecisely
defineswhentwo processeareequialent.

2.2 Equivalenceof processes

As explainedin theintroductionto this papey it is importantto be ableto distinguishbetweenexternaland
internalbehaior of processednternalbehaior is oftenalsoreferredto assilentbehaior. It is straightfor
wardto extendthe framework of the previous subsectionin suchaway thatprocessesay exhibit internal
behaior. It sufiicesto introduceso-calledsilentactions Silentactionsareactionsthatcannotbe obsered.
Usually, silentactionsaredenotedwith the actionlabel z. A singlesymbolis suficient, sinceall internal
actionsareequalin the sensehatthey do nothave ary visible effects.

In caseoneis interestedn externalbehaior only, processewvith the sameexternalbehaior but with
differentinternalbehaior shouldbe equal. Branching bisimilarity is a well-known semanticequivalence
that satisfiesthis requirement.Branchingbisimilarity wasfirst introducedin [35]. The definitiongivenin
this subsectiornis slightly differentfrom the original definition. In fact, it is thedefinitionof semibranching
bisimilarity, which wasfirst definedin [74, Chapterl]. It canbe shavn thatthe two notionsareequialent
in the sensehatthey definethe sameequivalencerelationon processef36, 12]. Thereasorfor usingthe
alternatve definitionis thatit is moreconciseandmoreintuitive thanthe original definition. It alsoyields
shortemproofs. A comparisorof thetwo definitionscanbefoundin [12].

Branchingbisimilarity is a slightly finer equivalencethanthe well-knovn obseration equivalence[53,
54]. Thatis, it distinguishesnore processeshan obseration equivalence(see[34]). A comparisonof
branchingbisimilarity, obseration equivalence,anda few otherequivalenceson processesvith silentbe-
havior canbefoundin [36].

Let (P, A, — , | ) beaprocesspaceasdefinedin Definition 2.1. The setof actionsA is definedas
AU{t}, whereA is somesetof externallyobserableactions.To definebranchingpisimilarity, two auxiliary
definitionsareneededi) arelationexpressinghata processanevolve into anothemprocesshy executing
asequencef zeroor moret actions;ii) a predicateaxpressinghata procescanterminateby performing
zeroor morert actions.

Definition 2.6.Relation. — _ C P x P isdefinedasthesmallestelationsatisfying for ary p, p’, p” € P,
p=— pand

(p=pArp——=p)=>p=p.



Definition 2.7.Predicate| - C P is definedasthe smallestsetof processesatisfying,for ary p, p’ € P,
I p={ pand
GpAp—p = §p.
Notethatit is alsopossibleto definethepredicatell in termsof —.
Let, for ary processe®, p' € P andactiona € A, p @ p’ be an abbreiation of the predicate

@=tAp=p)Vp— p. Thus,p BN p’ meansthatzerotr actionsare performedwhenthe first
disjunctof thepredicates satisfied pr thatonet actionis performedwhenthe secondlisjunctis satisfied.

For ary externalactiona < A, thefirst disjunctof the predicatecannever be satisfied.Hence,p @, p'is
simply equalto p LN p’, meaningthata singlea actionis performed.

Definition 2.8. ((Rooted) branching bisimilarity) A binaryrelation® € P x P is calleda branching
bisimulationif andonly if, forary p, p’,q,q € P anda € A,
i) PRAA P — p =
/ //an / " . 1 (O{ /! 4 / /
39.9": q.9" €P: q=q > q A pRY" A PRY),
i) pROAQ — g =
(3 p/’ p// p/’ p// e P p :> p// ﬂ) p/ /\ p//qu /\ p/Rq/)’ and
i) pRa= U p=4arlag={p.
Two processearecalledbrancing bisimilar, denotedp ~y q, if andonly if thereexistsabranchingoisim-
ulationR suchthat pRqg.
A branchingbisimulationR is calledarootedbranchingbisimulationbetweenp andq in P if andonly
if pRq and,forary p’,q' € P anda € A,
iv) p—p'=@30d:d eP:qg— g ApPRA),
V) —q=@3p:pPeP: p— pApPRY), and
vi) I p&a.
Two processep andq arecalledrootedbranding bisimilar, denotedp ~, g, if andonly if thereexistsa
rootedbranchingbisimulationbetweenp andq.

P q P q
I «| ]
p/____:_\_q// — q/ p/\\ \\\q//

\\\ J'a

Figure2.9: Theessencef a branchingbisimulation.

Figure 2.9 shaws the essencef a branchingbisimulation. A procesanustbe ableto simulateary action
of an equivalentprocessafter performingary numberof silentactions,exceptfor a silentactionwhich it
may or may not simulate. The third propertyin Definition 2.8 guaranteeshat relatedprocessesliwvays
have the sameterminationoptions. The root condition introducedin the last threerequirementof the
definition, statesthat the initial actionsof two rooted branchingbisimilar processesnust be the same.
Theroot conditionis neededpecausédranchingbisimilarity is not a congruencdor the process-algebraic
choice operatorwhich is introducedin Section3. Rootedbranchingbisimilarity, on the other hand, is



a congruencedor all the process-algebraioperatorsusedin this paper As explainedin Section3, ary
semanticequivalenceusedin a process-algebraicontext must have the congruencepropertyfor all the
algebraicoperators.Below, it is shavn that branchingbisimilarity androotedbranchingbisimilarity are
equialencerelations. However, beforegiving theseresults,a few examplesare given to illustrate both
equvalences.

Figure2.10: Two branchingbisimilar processethatarenot rootedbranchingbisimilar.

Example2.11.Figure2.10shavstwo processethatarebranchingoisimilarbut notrootedbranchingbisim-
ilar. The problemis causedy theinitial silentactionof the left processwhich cannotbe simulatedby the
right one. This exampleshaws the essentiablifferencebetweerbranchingbisimilarity androotedbranch-
ing bisimilarity. Branchingbisimilarity allows to remove initial silentactions,whereasootedbranching
bisimilarity doesnot.

rcmd rcmd rcde
T //E)matJ \\‘;\\ r/ \t
-7 b Sov T
omat PR To-l \omatl J omat
-7 e Y
@ (b) ©

Figure2.12: Someexamplesof branchingbisimilar processes.

Example 2.13. Figure 2.12 shawvs threeexamplesof branchingbisimilar processesThe processe (a)
and(c) could,for example,betheresultof abstractionConsidera simpleproductionunit with a singlepro-
cessingstep;procesga) representshis productionunit afterabstractingaway the processingtep.Process
(c) modelsaslightly morecomple productionunit which hasa choiceof two processingctions;bothpro-
cessingactionsarehidden.Thereasorfor the abstractiongouldbethatoneis interestedn theinput/output
behaior of the productionunits. In both casesthe input/outputbehaior shouldbe the receiptof a com-
mandfollowed by the outputof processednaterial. Figure 2.12 shaws that this is indeedthe case. It is
notdifficult to verify thatthetwo relationsdepictedby thedashedinesareindeedbranchingbisimulations.
Notethatthey alsosatisfytheroot condition. Hence the threeprocessearenot only branchingbisimilar,
but alsorootedbranchingbisimilar.



Theorem 2.14.Branchingbisimilarity, ~y,, androotedbranchingpisimilarity, ~,, areequialencerelations.

Proof. It mustbe shavn thatbranchingbisimilarity androotedbranchingpisimilarity arereflexive, symmet-
ric, andtransitve. Refleivity follows from thefactthatthe identity relationon? x P is bothabranching
bisimulationanda rootedbranchingbisimulationrelatingan arbitrary procesdo itself. Symmetryfollows
easilyfrom the symmetryin Definition 2.8 ((Rooted)branchingbisimilarity). Finally, transitvity follows
fromthefactthattherelationcompositiorof two (rooted)branchingbisimulationds againa (rooted)branch-
ing bisimulation. The detailsof the proof of this factaretediousbut straightforvard; they canbefoundin
[13, Section2.2.3]. In [12], it is shavn in detail thatbranchingbisimilarity is an equivalencerelationin a
context without distinctionbetweersuccessfuterminationanddeadlock. O

3 ProcessAlgebra

The goal of this sectionis to introducea simple process-algebraitheoryin the style of the Algebra of
Communicating”rocesseéACP). ThetheoryACP originatesfrom [17]. Goodintroductionsto ACP-style
processlgebracanbefoundin [10, 11, 33]. Otherwell-knonn process-algebraitheoriesare CCS[53, 54
andCSP[39]. For adetailedcomparisorof ACP, CCS,andCSR thereadelis referredto [11, Chapter8].

3.1 Equational theory

Any ACP-style process-algebraitheoryis essentiallyan equationaltheory An equationatheoryconsists
of asignatue anda setof axioms The signaturedefinesthe sortsof the theory a setof variablesfor each
sort, andthe functionsof the theory Functionsand variablescanbe usedto constructterms Termsnot
containingary variablesarecalledclosedterms. Theaxiomsof thetheorydeterminewhichtermsareequal.
A process-algebraitheory usually hasonly a single sort; termsof this sort represenprocessesA 0-ary
functionis oftencalleda constant otherfunctionsareoftencalledopemtors.

Thesignatureandaxiomsof the equationatheory (PA§+RN)(A), whichis anabbreiation for Process
Algebrawith inaction,silentactions,andrenamingaregivenin Table3.1. Thetheoryis parameterizetly
asetof constant#\, whichis asetof actions.It is assumedhatA is definedas AU {t}, whereA is someset
of externalactions. Thefirst partof Table3.1lists the sortsin the signatureof (PA; +RN)(A); the second
partdefinesthe constant@ndthe operatorsn the signature Thethird entry of Table3.1 givesthevariables
andlists the axiomsof the equationattheory Note that new variablesmay be introducedary time when
necessaryAn informal explanationof the operatorsaandthe axiomsis givenbelow.

As mentioned A is a setof actions. Termsof sort P represenprocesses Eachactionis a process,
namelythe procesghatcanonly executetheactionandthenterminatesuccessfully

The two basicoperatorsof (PAj +RN)(A) are+ and-, denotingalternatve compositionor choice
andsequentiatompositionrespectrely. Thesetwo operatorareelementaryn describingthe behaior of
sequentiaprocessesSequentiatompositiorbindsstrongethanchoice.Choiceandsequentiatomposition
areaxiomatizedby Axioms Al through A5. Most of theseaxiomsare self-explanatory Only Axiom A4
might needsomeexplanation. It statesthe right distributivity of sequentiacompositionover choice. The
corverse left distributivity, is notanaxiom of thetheory As aresult,processesvith differentmomentsof
choicearedistinguished.

Theconstan$ standgor inaction oftenalsocalleddeadlo& However, theformernameis bestsuited,
asfollows from Axiom A6. It saysthata processvhich canchoosebetweensomebehaior x anddoing
nothingis equialentto the procesghathasno choiceandcanonly do x. Hence,in the context of a choice,
8 is notatruedeadlock. Axiom A7 shavsthaté is adeadlockin the context of a sequentiatompaosition.

Axioms M1 through M4 axiomatizethe behaior of concurrentprocesses.Constanta rangesover
A U {8}. Thus,anaxiomsuchas M2 containingthe constanta is actuallyan axiom scheme Thatis, the

9



__(PAI+RN)(A)

P;

ACP, 5: P, + L ol PxP—>P, on, 7 . P—> P;

X, y,z2: P;
X+y=y+X Al X[[y=x|Ly+ylLxX M1
X+yY)+z=x+(y+2 A2 ajx=a-x M2
X+ X=X A3 a-xjly=a-x|y M3
X+y)-z=Xx-2+Yy-Z Ad X+yY)llz=Xx[z+Yy|lz M4
X-y)-z=X-(y-2 A5
X+§=X A6 X-T=X Bl
§-X=9§ A7 X-(t-(Y+2+y) =x-(y+2 B2
a¢gH=oy(@=a D1 a¢gl=r(@=a TI1
aeH=9d4@ =94 D2 ael=n@=r1 TI2
HX+Y) =0m(X)+ou(y) D3  uX+y) =1 +7(y) TI3
(X Y) = OH(X) - In(Y) D4 T (X-y) =1 -y T4

Table3.1: Theequationatheory (PA +RN)(A).

equationatheory (PA; +RN)(A) containsoneaxiomfor eachpossibleconstant € A U {§}. Theparallel-
compositionoperator]|, often calledthe meige operator denoteghe parallelexecutionof its operands.It
is axiomatizedusingan auxiliary operator namely |, calledthe left meige. The left melge hasthe same
meaningasthe meige exceptthattheleft processnustperformthefirst action.

Axioms B1 and B2 are the basisfor an axiomatizationof rooted branchingbisimilarity (see[36]).
Together B1 and B2 statethatit is allowed to remove a silent action provided thatit doesnot enforcea
choice.

Finally, the equationakheory containsa so-calledencapsulatiomperatordy for eachH € A andan
abstractionoperatorr; for eachl € A. (Notethat H and| canonly containobserable actions.) The
axiomschemedor the encapsulatiormndabstractioroperatorsare very similar. Again, constanta ranges
over A U {§}. Theencapsulatiomndabstractioroperatordelongto thegeneraklassof algebraicenaming
operatorsThe encapsulatiomperatordy simply renamesccurrencesf actionsin H in a procesgermto
theinactionconstant; the abstractioroperatorr; renamesctionsin | to thesilentactionz.

An equationaktheorysuchas (PA§ +RN)(A) of Table3.1 providesthe basisfor reasoningaboutpro-
cesses.The setof axiomsof an equationaktheorydefinesan equivalencerelationon procesgerms,called
derivability. For arny procesgermsx andy in somegiven equationakheory X, X + x = y denoteghat
X = y canbe derived from the axiomsof X. Derivability in an equationattheoryis definedasfollows.
First, the axiomsthemseles canbe derived from the axiomsof the theory Secondsincederiability is
an equivalencerelation, it is reflexive, symmetric,andtransitive. Third, if an equationis derivable from
theaxioms,thenalsoary equationobtainedby substitutingtermsfor variablesn this equationis derivable.
Finally, any equationobtainedby replacinga termin anarbitrary context by anotherderivably equivalent
termis alsoderivablefrom thetheory Theaxiomsof anequationatheorymustbechoserin suchawaythat
derivability definesa meaningfulequivalencerelationon processesin the next subsectionit is explained
thatin the caseof thetheory(PA§ +RN)(A) derivability correspondso rootedbranchingbisimilarity.

Example 3.2. Assumethatthe setof actionsA containsthe actionsrcmd pmat, pmat, andomat It can
beshawvn that (PA; +RN)(A) - remd- ((pmat + pmat) - omad = rcmd- (pmat, - omat+ pmat, - omap.
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The first stepis to substitutepmat, pmat, andomatfor the variablesx, y, and z in Axiom A4, which
shavs that (PA; +RN)(A) - t; = tp, wheret; is theterm (pmat 4+ pmat) - omatandt, denotegheterm
pmat -omat+ pmat,-omat Thesecondandfinal stepconsistof anapplicationof thecontext rule explained
above: Replacingtermt; in rcmd- t; with theequivalenttermt, yieldsthe desiredresult.

Theintuitive meaningof the operatorsthe axioms,andtheinducedequialencerelationgivenabove canbe
formalizedby giving a semanticsn termsof the framework introducedin the previous section. However,
beforegoing into more detailsaboutthe semanticdor (PA§+RN)(A), a few moreaspectf the theory
(PA; +RN)(A) itself areexplained.

Althoughthe theory (PA§ +RN)(A) is not very comple, it alreadycontainsoperatorsand axiomsfor
reasoningaboutsequentiabswell asparallelprocessesin addition,it containsconstantsand axiomsfor
reasoningaboutdeadlocksandsilentactions.lt is possibleto defineequationatheoriesfor studyingary of
theseaspectsn isolationor in arbitrarycombinations.For example,the equationatheoryBPA(A), where
BPA is an abbreiation for Basic ProcessAlgebra, consistsof the action constantsn A, the choiceand
sequential-composith operatorsand Axioms Al through A5. It is a very simpletheoryfor reasoning
aboutsequentiaprocessesAdding the inactionconstants to the signatureof BPA(A) andextendingthe
setof axiomswith Axioms A6 and A7 yieldsthe equationatheoryBPAs(A). A theorythatis suitablefor
reasoningaboutsequentiabndparallelprocessesvith internalbehaior is the theory PA* (A), for Process
Algebrawith silentactions. The signatureof this theory consistsof the actionconstantsthe silent-action
constantr, and the choice, sequential-composith, meige, and left-meige operators;the set of axioms
consistof Axioms Al throughA5, M1 throughM4, andB1 and B2. ThetheoriesBPA(A), BPAs(A), and
PA™(A) play arole in the remainderof this paper Othercombinationof the aborementionedaspectsre,
of coursealsopossible.

The main purposeof a theoryas (PA; +RN)(A) is to reasonaboutprocessesn an equationalway.
The goalis to prove a desiredequality on processedy applying simple term-ravriting techniques.As a
consequence very useful propertyof an equationatheoryis whenits (closed)termscanbe reducedto
(unigue)normalforms. If suchnormalformsexist, anequationaproof becomes/ery simple. The equality
of two procesdermscanbe shavn by reducingthemto their normalforms. If the normalformsareequal,
then,obviously, alsothetwo processeareequal.By consideringall axiomsin Table3.1 exceptfor Axiom
Al asrewrite rulesfrom left to right, it canbe shovn thatclosed(PAj +RN)(A) termshave normalforms.
For the purposeof this paper it is sufficient to know thatthe normalforms of closed(PA; +RN)(A) terms
arecontainedn a very specificclassof terms,calledbasicterms In generalACP-style processalgebra,
the classof basictermsdependsn whetheror not the inactionconstan® is containedn the signatureof
the equationatheory The setof basictermscorrespondindo a theorywithout theinactionconstantanbe
definedasa subsetf the setof closedBPA terms,whereaghe basictermsfor a theorywith theinaction
constanform a subsebdf closedBPA; terms.

Definition 3.3. (Basicterms) The setof basicBPA(A) terms,denotedB(BPA(A)), is inductively defined
asfollows. The setof actionsA is containedn B(BPA(A)). Furthermorefor ary a € A andbasicterms
s,t € B(BPA(A)), alsoa -t ands + t areelementf B(BPA(A)).

Thesetof basicBPA;s (A) terms,denoted3(BPA;s (A)), is definedn asimilarway: AU{s} C B(BPAs(A))
and,for ary a € A ands, t € B(BPA;(A)),a-t € B(BPAs(A)) ands+t € B(BPA;(A)).

Note that not all basictermsarenormalformswhenusingthe axiomsin Table3.1, with the exceptionof
Axiom Al, asrewrite rulesfrom left to right. For example,basic(BPA(A) or BPA;(A)) terma + a, where
a is someactionin A, canbereducedoy meansof Axiom A3 andis, thereforenotanormalform.

Thefollowing propertyformalizesthe claimsmadeabove concerningnormalforms of equationathe-
oriesfor the theories(PA§ +RN)(A) andPA* (A). For ary equationatheory X, the setof all closedterms
over thesignatureof X is denoted (X)
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Property 3.4.(Elimination)
i) Forary closedtermp € C(PA™(A)), thereis abasictermt € B(BPA(A)), suchthatPA™(A) - p =t.

ii) Forary closedtermp e C((PAj+RN)(A)), thereis abasictermt € B(BPA;(A)), suchthat(PA§ +
RN)(A) - p=t.

Proof. Usingthestandardechniquef [10], the proofis straightforvard. O

The above resultsare calledelimination properties pecausdhey shav thatthe generalsequentiacompo-
sition - asdefinedin Table 3.1 aswell asall other operatordifferentfrom the choice operatorcanbe
eliminatedfrom ary closedterm, yielding a term containingonly constantschoices,and so-calledprefix
compositions A prefix compositionis a sequentiatompositionwhoseleft operands a singleaction(see
Definition 3.3 (Basicterms)).

Example 3.5. ConsideragainExample3.2. Thesimplederivationin this exampleshaws thatclosed(PA§ +
RN)(A) termrcmd ((pmat +pmat)-omap, whichis notabasicterm,canberewrittento thebasicBPA; (A)
termrcmd- (pmat - omat+ pmat, - omay.

Elimination propertiesare usefulfor the following reason.Assumewe would like to prove a propertyfor
all closedtermsof somegiven equationatheory If closedtermscanbereducedo basicterms,it sufices
to prove this propertyonly for basicterms. Propertiesfor basictermscan often be proven by meansof
structurl induction An exampleof a propertywith a proofthatgoesalongtheselinesis Lemmad4.8 given
in thenext section.

Two equationatheoriesplay acentralrole in thenext section namely(PA+RN) (A) andPA* (A). Recall
thatboththesignatureandtheaxiomsof PA* (A) consistof asubsebf thesignatureandtheaxiomsof theory
(PA;+RN)(A). Thisleadsto theinterestingguestionwhetherit is possibleto derive ary equalitiesbetween
PA* (A) termsfrom the axiomsof (PA§ +RN)(A) thatarenot alsoderivablefrom thetheoryPA* (A). The
next resultshaws thatthis is notthe case.lt stateghat (PA§+RN)(A) is aso-calledconservativesxtension
of PAT(A).

Property 3.6.(Consewative extension)For ary closedtermsp, q € C(PAT(A)),
(PA;+RN)(A) - p=qg < PA"(A) - p=q.

Proof. Using the techniquesf [10], the proof is straightforvard. Note that thesetechniquesdependon
the operationakemanticof the equationatheories. For the purposeof this proof, the semanticgivenin
the next subsectiorcanbe used.Thereasorfor presentinghe conserativity resultbeforethe semanticss
defined,is thattheresultitself is independenof the semanticsFurthermoretherearealsoprooftechniques
thatdo notuseary specificsemanticgseg[11]). O

As afinal remark,notethattheequationaframenork introducedn this subsectiomoesnotincludefeatures
to specifyandanalyze for example,recursve processesr communicatingorocessesRecursiorandcom-
municationare often presenin algebraictheories but they do not play arole in this paper Theinterested
readetis referredto, for example,[10, 11, 33].

3.2 Operational semantics

As before,assumeahat A is a setof action constants.The semanticf termsin an equationatheoryis
formalizedby defininga so-calledmodelof thetheoryalsocalledanalgebra for thetheory Sincetheterms
in a single-sortecequationatheorysuchas (PA§ +RN)(A) aresupposedo be interpretedasprocessesa
modelof an ACP-style equationatheoryis alsocalleda processalgebra.

In general,a model of a single-sortecequationaltheory X consistsof a domainof elementsplus a
numberof functionson thatdomain,calledthe signatue of the model. A model M with domainD must
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satisfythe following properties First, theremustexist aninterpretatiorof the functionsin the signatureof
X in termsof the functionsin the signatureof the model M thatpreseresthe arity of functions. Second,
ary equationthatis derivablefrom the axiomsof the equationatheorymustbe valid in the model,where
validity is definedasfollows. Lett beatermin the equationatheory X; let ¢ bea mappingfrom variables
in t to elementdrom domainD, calledavariablesubstitution.Theinterpretatiorof t in themodel M under
substitutiono, denoted[t],,, is obtainedby replacingall functionsin t by the correspondindgunctionsin
M andby replacingall variablesin t by elementsf domainD accordingto . An equationt; = t, in X is
valid in modelM, denotedM = t; = t,, if andonly if, for all substitutionsr for thevariablesin t; andt,,
[tds =p [t2]ls, Wwhere=5p is theidentity on domainD. If M is a modelof anequationatheory X, it is
alsosaidthat X is a soundaxiomatizatiorof M.

Example 3.7. Assumethat M with domainD is a modelof the equationatheory (PA§ +RN)(A) of Table
3.1. Recallthatthe functionsin the signatureof (PA; +RN)(A) consistof the inaction constants, the
actionconstantsn A, andthe operatordistedin Table3.1. Assumethat,for ary function f in thesignature
of (PA; +RN)(A), f denotesthe correspondindgunction in the signatureof M. Considerthe equation
a+ § = a, wherea is anactionin A. It follows from Axiom A6 thatthis equationis dervablefrom theory
(PA; +RN)(A). SinceM is amodelof thistheory a + § = a mustbevalid in M, which meanghatthe
equalitya+s =p a, where=y is theidentity on domainD, musthold. In fact,Axiom A6 itselfis derivable
from thetheoryandmust,therefore bevalid in M. Thatis, forary d € D, theequalitde}S =p d must
hold.

The basisfor a modelof the equationatheory (PA§ +RN)(A) is a processspace asdefinedin Definition
2.1. This meansthata setof processesa setof actions,a transitionrelation,anda terminationpredicate
needto bedefined.

Recallthat C((PA; +RN)(A)) is the setof closed(PA§ + RN)(A) terms. The setC((PA +RN)(A))
formsthe basisfor the setof processesh the processpace Sincetheequationatheory (PA; +RN)(A) has
no meango expressthe procesghatcanperformno actions,but canonly terminatesuccessfullya special
process,/, pronouncedtick,” is introduced. Thus, the setof processesn the abosementionedorocess
spaceis thesetC((PA;+RN)(A)) U {{/}. ThesetA is the setof actions. Theterminationpredicateis the
singleton{,/}. Thatis, process/ is theonly processhatcanterminatesuccessfullyThetransitionrelation
-— _C (C((PAF+RN)(A) U {/D x A x (C((PA;4+RN)(A)) U {/}) cannow bedefinedasthesmallest
relation satisfyingthe derivation rulesin Table 3.8. It is not difficult to verify that the transitionrelation
conformsto theinformal explanationof the operatorgjivenin the previous subsection.

The processspace(C((PA; +RN)(A)) U {{/}, A, — , {\/}) canbeturnedinto a model M (A) of the
equationatheory(PA +RN)(A) asfollows.

Recallthatrootedbranchingpisimilarity, asdefinedn Definition2.8,is anequivalencerelationontheset
of processe€ ((PA;+RN)(A)) U{,/}. Thus,it is possibleto defineequivalenceclasse®f processemodulo
rootedbranchingbisimilarity in theusualway: Forary p € C((PA;+RN)(A)) U {,/}, theequialenceclass
of p modulorootedbranchingoisimilarity, denoted p] -, , istheset{q € C((PA;H+RN)(A) U{/} | q~ P}
It follows from Definition 2.8 (Rootedbranchingpisimilarity) thatthe specialelement /], only contains
the process,/. The domainof the modelunderconstructionis formed by the setof all the equivalence
classe®f closedtermsmodulorootedbranchingpisimilarity.* Thespecialelemen{./]~,, is excludedfrom
thedomainof model M (A) for technicalreasonsAs mentionedthe equationatheory (PA; +RN)(A) has
no meango expressthe procesghatcanonly terminatesuccessfully

1in standardprocess-algebraiterminology the elementsin the domainof a modelof someACP:-style equationatheoryare
referredto asprocessed-owever, Definition 2.3 definesa processassomekind of labeledtransitionsystem.The domainof model
M(A) consistsof equivalenceclassef suchlabeledtransitionsystems.In the literatureon concurreng theory the useof the
term“process”for bothequialenceclasse®f labeledtransitionsystemsandindividual representatiesof suchequivalenceclasses
is commonpracticeanddoesnotleadto confusion.
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Table3.8: Thetransitionrelationfor (PA; +RN)(A).

It remainsto definethe constantsand operatorsof (PA§ +RN)(A) on the domainof the model. The
interpretationC in model M(A) of someconstantc in the signatureof (PA +RN)(A) is definedasthe
equialenceclass|c]~,,. Note thatthis definition fulfills the requirementhatc is a 0-ary function on the
domainof M(A). Also for the operatorghereis a straightforvard way to interpretthemin the domainof
M(A), provided thatrootedbranchingbisimilarity is a congruencédor all the operatorof (PA5+-RN)(A).
Thatis, the following property must be satisfied. Let @ be an arbitrary n-ary operatorin the signature
of (PA5 +RN)(A), wheren is somepositve naturalnumber;let py, ..., p, 01, ..., gn be closedterms
in C((PA; +RN)(A)) suchthat p; ~w 01, ..., Pn ~m On. Then, the congruenceproperty requiresthat

69(plv LECRCE ) pn) ~rb @(qla DR qn)

Property 3.9.(Congruence)Rootedbranchingbisimilarity, ~,, is acongruencéor theoperatorof (PAj+
RN)(A).

Proof. It is not difficult to constructrootedbranchingbisimulationsfor eachof the operatorsof (PA§ +
RN)(A). Theinterestedeadetis referredto [13, Section2.4.4]for moredetails. O

Informally, the congruenceropertysaysthatequivalenceclasse®f processesanbe constructedndepen-
dently of their representates. Let py, ..., p, beclosedtermsin (PA; +RN)(A), wheren is somepositive
naturalnumber;for ary n-ary operator® in the signatureof (PA] +RN)(A), function & is definedon
equialenceclasse®f closedtermsasfollows: &([pi]~ - - -» [Prl~p) = [D(P1, - - -5 Pr)]~yy-

At this point, theconstructiorof model M (A) of theequationatheory (PA;+RN)(A) is complete.The
domainconsistsof the equivalenceclasse®f closedtermsin C((PA; +RN)(A)) modulorootedbranching
bisimilarity; theinterpretatiorof ary of the constantsn thesignatureof (PA;+RN)(A) is thecorresponding
equialenceclass;theinterpretatiorof arny operatolin thesignatureof thetheoryis thatsameoperatollifted
to equivalenceclasse®f closedterms.Informally, two closedtermsin C((PA+RN)(A)) thatarederivably
equalin the equationatheory (PA; +RN)(A) yield the sameequivalenceclasswhenthey areinterpreted
in themodel M (A), whichin turnimpliesthatthe correspondingrocessearerootedbranchingbisimilar.
Thus,the equationatheory (PA; +RN)(A) is a soundaxiomatizatiorof rootedbranchingpisimilarity. It is
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evenpossiblao prove astrongeresult. Giventwo rootedbranchingpisimilar processest is alwayspossible
to prove the equalityof theseprocesses the equationatheory (PA§ 4+ RN)(A). Theory (PA;+RN)(A) is
saidto bea completeaxiomatizatiorof model M (A).

Theorem 3.10.(Soundnessand completenessfor closedtermsp, g € C((PA;+RN)(A)),
(PAS+RN)A)F p=g & MA) Ep=a.

Proof. Thetheorenis afairly straightforvardresultof Property3.9,thecompletenessf BPA® (A) for rooted

branchingbisimilarity (se€[36]) andthe prooftechniquesn [10]. O
NS 4
rcmd- ((pmat, + pmab) - omap rcmd- (pmat - omat + pmag - omap
rcmd rcmd
(pmat 4 pmat) - omat pmat - omat+4 pmat - omat
pma () pmat pmay () pma
omat omat

omatJ omatJ

Figure3.11:Visualizingthe semantic®f closed(PA; +RN)(A) terms.

Example 3.12.Sincethebasisof thesemantic®f (PAS+RN) (A) is aprocesspaceit is possibleto visualize
the semanticof closedtermsin C((PA;+RN)(A)). ConsideragainExample3.2. Figure3.11depictsthe
semanticof closedtermsrcmd- ((pmag + pmag) - omad andrcmd- (pmat - omat+ pmat, - omayp.
Clearly thesetwo processearerootedbranchingbisimilar, which conformsto Theorem3.10(Soundness
andcompletenessindthe conclusionof Example3.2thatthetwo closedtermsarederivably equal.

4 Inheritance in the Algebraic Framework

Thegoalof thissectionis to characterizéheessentiapropertief inheritanceof behaior. For thispurpose,
only the objectlife cycle of a classis considered All otheraspectof a classareomitted. As explainedin
theintroduction,it mustbe formalizedwhenanaobjectlife cycle of someclassextendsthe objectlife cycle
of anotherclass.Basedon the two typesof inheritancedentifiedin theintroduction,in thenext subsection,
four differentinheritancerelationson objectlife cyclesareformalized. Eachformalizationcharacterizes
a differenttype of extension. In Section4.2, equationalaws preservingeachof the inheritancerelations
arepresented.Theseso-calledaxiomsof inheritanceare usefulfor seseral purposes First, they illustrate
the characteristigropertiesof eachof theinheritancerelations. Secondgiventwo objectlife cycles,they
canbe usedto verify in analgebraicframenvork whetheronelife cycle is a subclas®f the otherlife cycle.
Finally, they canbeusedastransformatiorrulesto constructsubclassesf life cycles. Thus,they stimulate
the reuseof life-cycle specificationsluring the designprocess.In Section7, the axiomsof inheritanceare
usedasa sourceof inspirationfor transformatiorruleson objectlife cyclesin aframavork of Petrinets.
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4.1 Object life cyclesand inheritance relations

Thefirst stepin formalizing the conceptof inheritanceof behaior is to definethe notion of an objectlife
cycle. As explainedin theintroduction,thelife cycle of anobjectdescribeshe orderin whichthe methods
of the objectmay be executed.Sincetheimplementatiordetailsof methodsarenotrelevantin this papera
methodis simply representethy anidentifier Recallthatanexternalmethodof someobjectinteractswith
the ervironmentof the object;aninternal methodis a methodthatcanonly be executedoy the objectitself
andhasonly internaleffects. Internalmethodsare denotedby the specialidentifier . The setof external
methodss denotecE. Thesetof all methodss denotedM. Thatis, M equalsE U {t}.

It shouldnotcomeasasurprisethat,in thissectionanobijectlife cycleis specifiedby aprocess-algebraic
term. Thequestions whatprocess-algebratheoryof thoseintroducedn the previoussectionis bestsuited
to specifyobjectlife cycles. Clearly the setof actionsof the theorycorrespondso the setof methodsM.
SinceM includestheinternalmethodr thatbehaesasasilentaction,thetheorymustincludesilentactions.
Operatorghat are usefulin the specificationof objectlife cyclesarechoice,sequentiacomposition,and
parallelcomposition. Thus, a process-algebraitheorywell suitedfor specifyingobjectlife cyclesis the
theoryPA™ (M).

Definition 4.1.(Object life cycle) An objectlife cycleis aclosedPA*™ (M) term.

Example 4.2. Thelife cycle of a simpleproductionunit U canbe describedby the algebraictermrcmd-
pmat- omat wherercmd pmat andomataremethodidentifiersin M. The productionunit first recevesa
command After processingomepieceof raw material,it deliversprocessedutputmaterial.

Having definedthe notion of an objectlife cycle, the next stepis to formalizewhenoneclassinheritsthe

life cycle of anotherclass. In the introductionto this papey two basicforms of inheritanceof life cycles
have beenidentified,namelyprotocolinheritanceandprojectioninheritancecorrespondingo the algebraic
principlesof encapsulatiomnd abstractionrespectiely. Therefore,the process-algebraitheory usedto

formalizeinheritanceof behaior is thetheoryPAS +RN asdefinedin Section3, instantiatedvith the setof

methodidentifiersM. Theory (PA; +RN)(M) extendsthetheoryPA' (M), usedto defineobjectlife cycles,
with encapsulatiomndabstraction.Thesetwo operatorsare exactly the operatorsmeededo reasonabout
inheritance.

Example 4.3. ConsideragainExample4.2. The operatorwho is responsibldor issuingcommandgo the
productionunit sometimesnakesamistale andsendghewrongcommand.Therefore productionunit U of
Example4.2is extendedwith anerrorhandlingfacility. A new methoderror € M is addedthatis executed
whentheunit doesnotunderstandhe commandt receves. Thebehaior of thenew unit U, is describedas
follows: rcmd- (pmat omat+ error). Sincetheadditionof anerrorhandlingfacility shouldnotinfluencethe
correctbehaior of theunit, thenew unit shouldbeasubclas®f U. It is notdifficult to seethatthebehaior
of thetwo productionunitsis identicalwhenthe new methoderror is notexecuted Hence accordingo the
informal definitionof protocolinheritancagivenin theintroduction,productionunit U, is indeeda subclass
of unitU of Example4.2.

To shaw thatthedefinitionof protocolinheritanceconformsto encapsulatiorlet H € E bethesingleton
{error}. It follows easilyfrom the axiomsfor encapsulatiomf the theory (PA§ +RN)(M) and Axiom A6
thatoy (remd- (pmat- omat+ error)) = rcmd- pmat- omat Thatis, 94 (Uy) = U.

Example4.4.Considemproductionunit U, thatbetweerthereceiptof acommandandthemainprocessing
stepperformsapreprocessingtepon theraw input material.Unit U, is specifiedasfollows: rcmd- ppmat:
pmat- omat In somesensethebehaior of U, extendsthe behaior of productionunit U of Example4.2.
Therefore,U, shouldbe a subclassof U. It is not difficult to seethat the behaiors of unitsU andU-»
areidenticalwhenthe nev methodppmatof U, is executed,but its effect is ignored. Hence,unit U; is a
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subclasf U accordingto the informal definition of projectioninheritancegivenin theintroduction. It is
alsonot difficult to seethat projectioninheritanceconformsto hiding methodcalls. Let | bethe singleton
{ppmay. It follows from the abstractioraxiomsof theory (PA§ +RN)(M) andAxiom Bl thatzt, (Up) = U.

The subtledifferencebetweenthe two forms of inheritanceintroducedso far is thatunderprotocolinher
itancemethodsnew in thelife cycle of the subclassare executedwithout taking into accounttheir effect,
whereasunderprojectioninheritancethey are not executedat all. The examplesin the remainderof this
sectionfurtherillustratethis difference.

Thereareseveralotherpossibilitiesfor meaningfuldefinitionsof inheritanceelationsfor behaior than
the two forms introducedsofar. It is, for example,possibleto combinethe two forms. One might argue
thatfor methodsnew in the subclasghe requirement®f both basicforms musthold at the sametime, or
onemight ague that for somemethodsthe first requiremenimusthold, whereador someother methods
the other requirementholds. The two basicforms of inheritancegiven in the introductionand the two
combinationsyield four possibleinheritancerelations. Although probablyother meaningfulrelationscan
be found, this paperfocuseson thesefour relations. An attemptis madeto shav that they capturethe
essential®f inheritanceof behaior.

The formal definitionsof the four inheritancerelationsgiven belon areslightly moregeneralthanthe
informal definitionsgivenin theintroductionandabove: A life cycleis asubclas®f anothelife cycleif and
only if thereexistssomesetof methodssuchthatencapsulatingr hiding thesemethodsn thefirst life cycle
yieldsthe otherlife cycle. Not requiringthatthe methodsheingencapsulatedr hiddenmustbe exactly the
methodsappearingn thefirst life cycle andnotin the seconnecansometimedpe corvenient,assomeof
theexamplesin theremaindershow.

Before going to the formal definition of the four inheritancerelations,a note on notationis in order
Many formulasin this sectioncontainmultiple occurrence®f encapsulatiomndabstractioroperators.To
avoid largenumbersf bracletsin formulas thenotationfor functioncompositioris overloadedo algebraic
operatorsLet x bea (PA;+RN)(M) termandlet f andg befunctionsin the signatureof (PA5+RN)(M).
Thenotation f o g(x) is anabbreiation for thealgebraiderm f (g(x)).

Definition 4.5.(Inheritance relations)

i) Protocolinheritance
For ary objectlife cyclesp, q € C(PA™(M)), life cycle pis asubclas®f q underprotocolinheritance
denotedp <yt q, if andonly if thereexistsanH C E suchthat (PA;+RN)(M) - 9y (p) = Q.

ii) Projectioninheritance
For ary objectlife cyclesp, g € C(PAT(M)), life cycle p is asubclas®f g underprojectioninheri-
tance denotedp <y, g, if andonly if thereexistsan| < E suchthat (PA{+RN)(M) - 7, (p) = Q.

iii) Protocol/projectiorinheritance
For ary objectlife cyclesp, g € C(PA*(M)), life cycle p is asubclas®f g underprotocol/pojection
inheritance denotedp <4, if andonly if thereexistsanH < E suchthat(PAJ+RN)(M) - 9y (p) =
g andthereexistsan| < E suchthat(PA;+RN)(M) F 7, (p) = q.
iv) Life-cycle inheritance
For ary objectlife cyclesp, q € C(PA*(M)), life cycle p is a subclasof q underlife-cycleinheri-
tance denotedp <ic q, if andonly if thereexist disjointsubsetd, | < E suchthat(PA;+RN)(M)
71 0 dn(P) =Q.
Theabove definitionsareformulatedin termsof equalityof closed(PA;+RN) (M) terms.Thecompleteness
of theory (PA; +RN)(M) for rootedbranchingbisimilarity (Theorem3.10) implies that this formulation

is equivalentto a formulationin termsof rootedbranchingbisimilarity. Without completenesshe above
definitionshadbeentoorestrictive. It would have beenpossiblghatanobjectlife cycle p afterencapsulation
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and/orabstractiorof theappropriatenethodsandlife cycle q would berootedbranchingbisimilar, but that
this equalitywould notbederivablefrom theaxiomsof (PA;+RN)(M). Thiswould beundesirablebecause,
accordingto theabove definitions, p would notbea subclas®f q.

The requirementthat H and | mustbe disjoint in the definition of life-cycle inheritancemeansthat
methodsareeitherconsistenthyencapsulatedr consistentlyhidden.It impliesthattheorderof encapsulation
andabstractiorcan be changedwithout actually changingthe definition (seealsoLemma4.14 belaw). It
is not clearwhetherit is meaningfulto treatdifferentcalls of onemethodin a differentway. In the current
definition, it is not possibleto hide somecalls of a methodin somepart of an objectlife cycle, whereas
someother calls of the samemethodin anotherpart of the life cycle are encapsulatedr left untouched.
In the casestudy of Section8, it provesnot to be necessaryo treat different calls of the samemethod
differently whendetermininginheritancerelationshipsetweerlife cycles. However, the casestudyis still
only one,relatively small, example. Therefore,in the conclusionsf Section9, it is briefly explainedhow
theframawork of this papercanbe generalizedn suchaway thatit is possibleto treatdifferentcallsof one
methodin adifferentway in the constructiorof subclasses.

A final note aboutDefinition 4.5 is that life-cycle inheritanceis definedin termsof a compositionof
operatorsandnotsimply asthedisjunctionof thetwo definitionsof protocolandprojectioninheritance The
latterwould not be a true combinationof protocolandprojectioninheritance.lt would alsolack desirable
propertiessuchastransitity.

In reasoningaboutobjectlife cyclesandinheritancerelationshipsetweenthem,it is often corvenient
to know the setof methodsbeinginvokedin a life cycle. For this purposethe alphabetoperatoris intro-
duced.Thealphabebperatotyieldsfor eachclosed(PA; +RN)(M) termthesetof externalactionsthatthe
correspondingrocessn the operationakemanticanay perform. The alphabebperatoris definedinduc-
tively usingthe structureof basicBPA; (M) terms,underthe assumptiorthat derivability is a congruence
for thealphabebperator In combinatiorwith theeliminationresultfor (PA5+RN)(M) of Property3.4, this
assumptiommeanghatit is possibleto calculatethe alphabebf arbitraryclosed(PA§ +RN) (M) terms.

Definition 4.6. (Alphabet) The alphabebperatorx : C((PA;+RN)(M)) — P(E) is afunctionsuchthat,
for ary closedtermsp, q € C((PA;+RN)(M)), (PA;+RN)(M) - p =) = a(p) = «(q). Forarya € E
andp, q € C(PA;+RN)(M)), a(8) = 0, a(t) = ¥, a(a) = {a}, a(r - p) = a(p), a(a- p) = {a} Ua(p),
ande(p +q) = a(p) U ().

Notethatit shouldbeverifiedthatthedefinitionof thealphabebperatolis consistentvith theaxiomsof set

theory Inconsistenciearisewhenthe combinationof the congruenceequirementndtheinductive defini-

tion allows the derivation of anequalitybetweensetsthatis not derivablefrom settheory It is beyondthe

scopeof this paperto prove thatDefinition 4.6is consistentvith settheory A detailedstudyonthealphabet
operatorin processalgebracanbefoundin [9]. Thealphabebperatoris particularlyinterestingin combi-

nationwith encapsulatiomndabstractionMost of the auxiliary lemmason encapsulatiorabstractionand

thealphabebperatopresentedn the remaindeof this sectionalsoappeaitin [9].

=pp

TN

=pt =pj

N

<Ic
Figure4.7: An overview of thefour inheritancerelationsfor behaior.
Figure4.7 givesan overview of the four inheritancerelationsdefinedabove. The arrowns depictstrict

inclusionrelations.Thecorrectnessf theinclusionrelationsbetweerprotocol/projectia inheritancepnthe
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onehand,andprotocolandprojectioninheritance on the otherhand,follows easilyfrom their definitions.
The othertwo inclusionrelationsfollow from the definitionsandthe following lemma,which implies that
encapsulatingr hiding the emptysetof methodsyieldsthe originallife cycle.

Lemma 4.8. For ary closedtermp € C((PA;+RN)(M)) andsetsH, | C E,
) a(p)NH =0= (PA;+RN)(M) - 94 (p) = p and
i) a(p)N1l =0 = (PA;+RN)(M) F 7, (p) = p.

Proof. Only Lemma4.8i) is proven. The otherproofis similar.

It follows from Property3.4 (Elimination) that thereis a basicBPA;(M) term t suchthat (PA§ +
RN)(M) + p = t. Notethatit follows from Definition 4.6 (Alphabet)that «(p) = «(t). Hence,it
sufiicesto shav thata(t) " H = ¢ = (PA;+RN)(M) - dy(t) = t. Giventhis result, it follows that
a(p)NH =0 = (PA;+RN)(M) F 0y (p) = 0n (1) =t = p. Theproofis by inductionon the structureof
basicBPA; (M) terms.The symbol= is usedto denotesyntacticaidentity of terms.

i) Assumet = § ort = a, for somemethodidentifiera € M. It follows from Axiom D1 that (PA; +
RN)(M) F an (1) =t.
ii) Assumet = a- s, for somea € M andbasicterms € B(BPA;(M)). Then, (PA; +RN)(M) +

ay(@a-s) o4 A (@) - In (S) D1, Induction

i) Assumet = u+ v, for somebasictermsu, v € B(BPA;(M)). Then,(PA;+RN)(M) - 9 (U + v) b3

A (U) Oy (v) MCENBD
O

By meanof afew examplesit is straightforvardto shav thattheinclusionrelationsin Figure4.7 areindeed
strictandthatthereareno inclusionrelationsbetweerprotocolinheritanceandprojectioninheritance.

Example 4.9. Considerthe threeproductionunitsU, U;, andU, introducedn Examples4.2,4.3,and4.4,
respectiely. Theamgumentsn thelasttwo of thesethreeexamplesshaw thatU; <, U andU; <, U. Itis
not difficult to seethatthereexistno| < E suchthatt, (U;) = U andnoH C E suchthatdy (Us) = U.
Hence thereareno inclusionrelationsbetweernprotocolandprojectioninheritance.ln addition, it follows
that the inclusionsbetweenprotocol/projectia inheritance on the one hand,and protocoland projection
inheritancepn theotherhand,arestrict.

In orderto shav that protocol/projectia inheritanceis not an empty relation, considerthe following
example.Unit Uz is a productionunit that,asall the unitsin the otherexamplesfirst recevesa command.
Dependingonthecommandit continuesmmediatelywith its mainprocessingtepor it performsa prepro-
cessingstepfollowed by the main processingtep.After processings completedthe processednaterialis
deliveredto theervironment.Thelife cycle of U; is specifiedasfollows: rcemd (ppmat pmat+ pmap -omat
Unit Us is asubclassinderprotocol/projectiorinheritanceof unitU of Example4.2. It follows simply from
theaxiomsof (PA§+RN)(M) that,for H = | = {ppmat, 9y (Uz) = 7, (Uz) = U.

Finally, to shav thatthe inclusionsbetweenprotocol, projection,andlife-cycle inheritanceare strict,
considera productionunit U, with life cycle remd- (ppmat- pmat- omat+ error). For H = {error} and
| = {ppmat, it easilyfollowsthatz, o 4 (Us) = U. Hence U, <|c U. It is notdifficult to seethatthereis
norelationbetweenJ, andU underary of theotherinheritancerelations.

Figure4.7 shavs thatlife-cycle inheritancdas moregenerathanary of the otherthreeinheritanceelations.
Thereasorfor studyingall four relationsinsteadof only life-cycle inheritances oneof separatiorof con-
cerns.Protocolandprojectioninheritanceeachcharacterize differenttype of extensionof the behaior of
life cycles.In adesignprocessit canbeusefulto know in whatway alife cycleis extended.n thedefinition
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of life-cycle inheritancethetype of extensionis lostin generality Moreover, for certainapplicationst may
be usefulto restrictinheritanceto protocol,projection,or protocol/projectia inheritance.

The remainderof this subsectioris devotedto studyingsomebasicpropertiesof the four inheritance
relations.For protocol,projection,andprotocol/projectiorinheritancethereexistsa canonicaketof meth-
odsthatcanbe encapsulatednd/orhidden,namelythe setof methodsnew in the subclassThis conforms
to the intuitive definitionsof protocoland projectioninheritancegiven earlier For life-cycle inheritance,
canonicalsetsof methodsthat canbe encapsulatednd methodsthat can be hiddendo not exist, but it is
alwayspossibleto choosea partitioningof the methodsnew in the subclass.To prove thesepropertiesthe
following two lemmasareneededThey statesimpleresultsaboutencapsulatiomndabstraction.

Lemma 4.10.For ary closedtermp € C((PA;+RN)(M)) andsetsH, | C E,
) a(@y(p) NH =0 and
i a(n(p) NIl =4a.

Proof. Structuralinductionon basicBPAs(M) terms. O

Lemma4.11.For ary closedtermp € C((PA;+RN)(M)) andsetsH, H’, 1, 1" C E,
i) (PAZ+RN)(M) = 30 (P) = 8w 0 94 (p) and
i) (PA;+RN)(M) = 7001 (P) = 717 0 71 ().

Proof. Structuralinductionon basicBPAs(M) terms. |

Property 4.12.For ary objectlife cyclesp, q € C(PAT(M)),

) p<ptd < (PAJ+RN)(M) = 94 ppa(q)(P) = 0,
i) p <pq < (PAF+RN)(M) = t4ppa(q)(P) = 0,
i) p<ppd < (PAJ+RN)(M) F 9o (pprai@)(P) = g A (PAF+RN)(M) = 74(pra(q)(P) = Q, and
V) p<icq< @H,l : H, | Ca(p\a(@ AHUI =a(p\a(@AHNI =@
(PA;+RN)(M) =7 0 34 (P) = Q).

Proof. Only the proofof Propertyi) is given. Theproofsof ii) andiv) aresimilar; Propertyiii ) follows from
i) andii).

It follows from Definition 4.5i) (Protocolinheritancethat(PA; +RN)(M) F 0y(ppa(q (P) = g implies
p <pt 9. To prove theotherimplication,assumep < g. It follows from Lemma4.11i) andLemma4.8i)
thatthereexistsasubsetH of «(p) suchthat (PA5+RN)(M) - 94 (p) = g. Thecongruenceequirement
in Definition 4.6 for the alphabebperatorandLemma4.10i) shav that H cannotcontainary methodsn
a(q). AgainLemmas4.11i) and4.8i) yield thatH canbe extendedto all elementsf «(p) which arenot
elementof a(q). O

Property4.12iv) cannotbe strengthenedry further For objectlife cyclesp andq in C(PA*(M)) suchthat
p <ic 9, theredoesnotexist a canonicapartitioningof o (p)\«(q) into H and! suchthat(PA;+RN)(M) -
71004 (P) = g. Assumefor example that p<p,q. It followsfrom Property4.12iii) thatfor H = a(p)\a(q)
andl = ¢, aswell asfor H = @ andl = a(p)\a(q), (PA;+RN)(M) - 7 0 a4 (p) = Q.

Two basicpropertieghatary inheritancerelationshouldsatisfyarereflexivity andtransitivity. Thatis,
ameaningfulinheritancerelationshouldbe apreorder. It is easyto seethatall four inheritancerelationsare
reflexive. Exceptfor life-cycle inheritanceit is alsostraightforvardto shav thatthey aretransitive. Shawving
that life-cycle inheritanceis transitive is slightly moreinvolved. The crucial point is the obsenation that,
giventwo life cyclesp andqg suchthat p<,.q andg<ir, it is notpossiblehatmethodsn p areencapsulated
(hidden)whereaghe samemethodsn q arehidden(encapsulated)The reasonis simple: Methodsof p
thatare encapsulatedr hidden,simply do not occurin g arymore. The following lemmasare neededo
formally prove thatlife-cycle inheritancds transitive.
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Lemma4.13.For ary closedtermp € C((PA;+RN)(M)) andsetsH, | C E,

i) a(dn(p) € a(p) and
i) a(t(p) € alp).

Proof. Structuralinductionon basicBPAs(M) terms. |

Lemma 4.14.For ary closedtermp € C((PA;+RN)(M)) andsetsH, | C E,
HNl =@ = (PAT+RN)(M) - 7; 0 3 (p) = 31 o i ().

Proof. Structuralinductionon basicBPA (M) terms. O
Property 4.15. Protocol,projection,protocol/projectionandlife-cycle inheritancearepreorders.

Proof. It follows from Lemma4.8 that, for ary p € C(PA"™(M)), (PA; +RN)(M) - 95(p) = p and
(PAS+RN)(M) = 15(p) = p. Hence,<pt, <pj, <pp, aNd =< arereflexive.

To shaw that <y is transitve, let p, g, andr beobjectlife cyclesin C(PA*(M)) suchthat p <, q and
g <ptr. AssumethatH, H’ C E aresetssuchthat (PA; +RN)(M) F a4 (p) = q and(PA; +RN)(M) +
o (q) = r. UsingLemma4.11i), (PA;+RN)(M) F 9yun(p) = dnr 0 d(P) = dnr () = r. Hence,
p <pt ', Which provestransitvity of protocolinheritance Theproofsfor <, and<p, arevery similar.

To shaw that <\ is transitive, assumep, g, andr areobjectlife cyclesin C(PA*(M)) suchthatp <. q
andq <. r. Hencetherearesubsetd, H’, I, andl’ of E suchthat(PA§+RN)(M) I 7, o d4(p) = g and
(PA; +RN)(M) = 71 0 dn/(q) = r. It follows from Property4.12iv) thatthesesetscanbe chosensuch
thatH and| aresubsetof a(p)\«(q) andsuchthatH’ andl’ aresubsetof a(q)\«(r). Thecongruence
requiremenin Definition 4.6 for the alphabetoperatorandLemma4.13yield thata(r) € a(q) € a(p),
andhencethat(H U I) N (H U ") = @. UsingLemmas4.11and4.14,it follows that (PA§ +RN)(M) +
Tyl © IHUH(P) =Ty 0T 0 A 0 AH(P) =Ty 0 A o Tp 0 Iy (P) = T1r 0 () =T. Hence,p < r. O

Any preorderinducesan equialencerelation. The meaningof the equivalencerelationsinducedby the
inheritancepreorderds “subclassequivalence”underthe correspondingorm of inheritance. Intuitively,
two life cyclesshouldbe subclassquivalentunderary form of inheritanceif andonly if their equalityis
derivablefrom the axiomsof PAT (M).

Definition 4.16. (Subclassequivalence)Let ~,,, wherex < {pp, pt, pj, Ic}, be the equivalencerelation
inducedby <.. Thatis, for ary objectlife cyclesp andqg in C(PAT(M)), p~. 0 & P<:0A(Q =<, p.
Processep andq aresaidto be subclasequivalentunders inheritance.

Thefour subclass-equalerce relationsindeedall coincidewith derivability from the axiomsof PAT(M).

Property 4.17.For ary objectlife cyclesp, q € C(PAT(M)) andx € {pp, pt, pj, Ic},
p~.q< PA"M)Fp=aq.

Proof. The resultis only proven for protocol inheritance. The other proofs are similar. First, assume
thatPA*™(M) = p = q. It follows from Lemma4.8 i) and Property3.6 (Conserative extension)that
(PA; +RN)Y(M) = 95(p) = p = g and(PA;+RN)(M) = 95(q) = g = p. Hence,p <j:q andq <p: p,

whichin turnimpliesthat p ~ Q.

Secondassumep ~ g, which impliesthat p <, g andq <y p. Property4.12i) yieldsthat (PA§ +
RN)(M) F 3gpra@(P) = g and (PA;+RN)(M) F Oygna(p(d) = p. It follows from the congruence
requirementn Definition 4.6 for the alphabeperatorandLemma4.13i) thata(q) € «(p) anda(p) <
a(q). Hence,x(p) = a(q), which meangthata(p)\«(q) = a(Q)\a(p) = ¥. Lemma4.8i) yieldsthat
(PA; +RN)(M) = 3y ppa((P) = p andhencethat (PA;+RN)(M) - p = q. Property3.6 (Conserative
extension)impliesthatPA* (M) - p = q. O

21



Notethat,asa consequencef Property3.6, Theorem3.10,andProperty4.17,two life cyclesaresubclass
equialentunderary form of inheritancef andonly if they arerootedbranchingbisimilar.

It isimportantto notethattheinheritancepreordersarenot precongruencef®r theoperatorof PAT(M).
Thatis, it is not possibleto applythemin arbitrarycontexts.

Example4.18.1t is easyto seethat,for ary distincta, b € E, a+-b<pa, becaus¢PA;+RN)(M) - 9y (a+
b) = a. However, in a context whereanoccurrencef b is followed by ana, it is not allowedto replacea
by its subclass + b. Doing so,yieldsb - (a + b). Obviously, since(PA; +RN)(M) - 9 (b- (a+ b)) =6,
b-(a+b) £, b-a. A similarexamplecanbe constructedor projectioninheritance.

Anotherinstructive exampleis the following, wherefirst a subclassof a single methodcall a under
protocolinheritances constructedand, subsequentthis subclasss furtherrefinedto a more specialized
subclassFor ary distincta, b,c,d € E, a+ b <, aanda- ¢ + b <, b. Replacingthe occurrencef b in
theformerwith its subclass - ¢ + b, yieldsa + (a- ¢ + b). It is notdifficult to seethata + (a- ¢+ b) £ a.
Anothersubclas®f bisd - ¢ 4+ b. Replacingb with this subclassyieldsa + (d - ¢ + b). It is easyto prove
thata + (d-c+b) <y a.

Theseexamplesshav thata problemmay arisewhena methodthatis encapsulatedr hiddenalsoappears
in the contt. The factthatthe inheritancerelationscannotbe appliedin arbitrary contets is not really
unepected.Thereasoris thatit is notallowedto treatdifferentcalls of the samemethodin a differentway.
In theremaindeof this subsectionit is formalizedunderwhich conditionsit is allowedto refinea subclass
to amorespecializedsubclassBeforegoinginto moredetails,the notionof a contet is defined.A context
is aclosedPA™ (M) termthatcontainsa“hole.”

Definition 4.19.(Context) The mostsimplecontet is simply a hole, denotedby anunderscore _". Fur
thermore,for ary closedterm p € C(PA"(M)) andcontext C, p @ C andC & p are contets, where
@ S {'a +a ||a |.|_}

Example 4.20.Let a, b, and ¢ be threemethodidentifiersin M. The following are simple examplesof
contts:a+ _, _-a,anda| b- _. Substitutionof a closedPA™ (M) term p in acontect C is denotedC[ p].
Thus, for context C definedasa + -, C[c] equalsa + c. Substitutingmethodc in ary of the othertwo
contets yieldstheclosedPA® (M) termsc-a anda || b- c.

Property4.22 givenbelov definesthe conditionsthat mustbe satisfiedwhenrefininga subclass.To prove
this property the following lemmais needed. It statesthat the encapsulatiorand abstractionoperators
distribute over meigeandleft mege. Hence |t follows from theencapsulatiomndabstractioraxiomsgiven
in Table3.1thatthey distribute over all operatorghat may appeatin a contet or in atermrepresenting
life cycle. Notethatthe lemmadoesnot carry over to an ACP-stylealgebraicsettingwith communication
(se€[10, 11, 33)).
Lemma 4.21.For ary closedtermsp, g € C((PA;+RN)(M)), H, | C E,
D (PAZ+RN)(M) = an(p L) = 9n(p) L 9w (@),

i) (PAF+RN)Y(M) F o (p [l @) = au(p) || 9n(a),

i) (PAf+RNYM) =7 (p L) =n(p) L@ (q), and

V) (PA;+RNYM) =7 (plla) =7 (p) |l ni(Q).
Proof. Propertyi) is proven by induction on the sumof the numberof symbolsin p andthe numberof

symbolsin g. Propertyii) followsimmediatelyfrom i) andAxioms M1 andD3in Table3.1. Propertiesii)
andiv) areprovenin asimilar way. O

Let p,q,r,C, H, H’, I, and |’ beasin Property4.22. Informally, the conditiona(r) " H = @ in Prop-
erty 4.221) meansthatit is not allowed to encapsulatenethodsin p that are not encapsulateih C[q[];
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methodsbeingencapsulateth p arethosein H andmethodsnot encapsulateth C[q] arethosein a(r).
The conditionsin the otherpropertieshave similar meanings.The additionalrequiremenin Propertyiv)
that(H'U H)N (I"U 1) = @ meanghatthe methodsbeingencapsulatethustbe disjoint from themethods
beinghidden.

Property 4.22.Let p, g, andr beobjectlife cyclesin C(PA*(M)) andletC beacontet. LetH, H’, |, and
|” besubsetof E.

i) If p<pq, with H suchthat(PA§+RN)(M) - 9y (p) = g, andC[q] <p I, then
ar)NH=0= C[p] <pr.
i) If p<pq, with | suchthat(PA{+RN)(M) - 7, (p) = q, andC[q] <y I, then
am)Nl =0 = C[p] <yr.
i) If p=<ppq, with H andl suchthat(PA5;+RN)(M) = a4 (p) = q and(PA;+RN)(M) - 7, (p) = q,
andif C[q] <ppr, then
a()NHUI) =0 = C[p] <pp'-
iv) If p<icqwith H andl suchthat(PA;+RN)(M) - 7, 0 d4(p) = q, andif C[q] <cr with H" andl’
suchthat(PA5+RN)(M) - 71/ 0 9w/ (C[q]) =T, then
HUH)NW'UD)=@Aa(m)NHUI)=0= C[p] <.

Proof. First, Propertyi) isproven.Let H” € E besuchthat(PA;HRN)(M) F a4/ (C[q]) =r. A consequence
of theaxiomsof theencapsulatiowperatorandLemmad.21above is thatencapsulatiowlistributesover all
operatorof PAT(M). Thisresultis usedin the secondstepof thefollowing derivation. In thefinal step,the
requirementhata(r) N H = @ is used.
drun (CLPD 2" 8 0 81 (CLPD) = 3w 0 3 (C[An (P)]) = B 0 i (Cla]) =
drun (CLaD = drun (ClAD 2" 94 0 3 (ClaD) = () =
This derivationshavs thatC[p] <pr.

Propertiesi) andiii ) areprovensimilarly.

Propertyiv) is shavn asfollows. Thedistributivity of encapsulatiomndabstractiorover all operators
of PA™(M) is usedin thethird stepof thefollowing derivation. Theconditionthat(H' UH) N (1I'U ) =@
is usedin the secondandfifth step.As before,the otherconditionis usedin thefinal step.

7101 0 druH (CLPD 2 11 0 11 0 3k 0 3R (CLP]) 2" 717 0 B 0 71 0 A (C[pP]) =
7100w 071 0 Iu(Clr) 0 du(P)] = 117 0 I 0 71 0 B (Cla]) “E
7 0du ot odw(Cla]) =7 o dn(r) L. O

Example 4.23.1t is easyto checkthatthe examplesof Example4.18areconsistentvith Property4.22i).
The following exampleshavs an applicationof Property4.22iv). Let a, b, c € E be distinct methods.
Considerthe context C definedas_ + b. By encapsulatingnethodb, it is easyto shav thatC[a] <|c a. In
addition,a - ¢ <|c a, which follows from hiding methodc. Replacingthe occurrenceof a in C[a] with its
subclass - ¢, yieldsC[a - c]. In orderto apply Property4.22iv), let H' = {b}, | = {c},andH = 1" = @.
Obviously, this satisfiegherequirementhat(H’ U H) N (I’ U I) = @. Since,in addition,«(a) andH U |
aredisjoint, it followsthatC[a-c] < a. Thatis,a-c+ b <|ca. However, a- b is alsoasubclas®f a, which
canbeeasilyshavn by hiding the singletonl = {b}. Substitutinga - b for a in C[a] yieldsC[a - b]. Since
in thiscase(H' U H) N (1" U I), whereH, H’, and|’ areasbefore,is not empty Property4.22iv) cannot
beapplied.lt is notdifficult to verify thatC[a - b] is notasubclas®f a: C[a- b] £ a. Thereasoris thatin
C[a] methodb is encapsulatedhereasn a - b methodb is hidden.

Theresultspresentedn this subsectiorshav thatthe definitionsof thefour inheritancerelationsaresound.
All four relationsarepreorders.The inducedequivalencerelationscoincidewith rootedbranchingbisimi-
larity. Theconditionsunderwhichit is allowedto applytheinheritancepreordersn arbitrarycontexts or to
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refinea subclasgo a morespecializedsubclasseemreasonablealthoughmore experiencewith practical
exampleshasto shav whetherthey arenottoo restrictive.

4.2 Axioms of inheritance

To get a betterunderstandingf the four inheritancerelations,it is usefulto know what generalsubclass
relationsarevalid undereachform of inheritance. The axiomsof inheritancegivenin this subsectiorshav
thatextendinga life cycle with an alternatve behaior yields a subclassinderprotocolinheritance.They
alsoshav thatextendinga life cycle by insertingsomebehaior in betweersequentiapartsof the original
life cycle,aswell asputtingsomebehaior in parallelwith (partof) the originallife cycle yieldsa subclass
underprojectioninheritance Life-cycle inheritanceallows arbitrarycombination®f thesethreeextensions.

Note that no attemptis madeto find a completesetof axiomscharacterizinghe inheritancerelations.
Thetheorydevelopedin this sectionis not intendedfor usein practicalapplications.The maingoalis to
learnto understandnheritanceof behaior. The axiomspresentedn this sectionare helpful in achiezing
thisgoal. In addition,in Section7, they form a sourceof inspirationfor transformatiomulesin aframewvork
basedon Petrinets,whichis aframevork muchcloserto the object-orientednethodsusedin practicethan
processlgebra.

Property 4.24.For ary closedtermsp, g € C(PA*(M)) andmethodb € E\«/(Q),

q+b‘p§ptq PT

Proof. Let H = {b}.
D3,D4 2,4

(PAI+RN)(M) - 84 (q +b- p) “="9n(q) + dn (b) - dn(p) Di'Sq +5-9u(p) AT.A6 q.
Henceg+b- p <xQq. -

Method b functionsas somesort of a “guard.” Blocking the guard meansthat the ervironmentcannot
choosethe behaior b - p. For this reasonj may not appeaiin the alphabetf q, sinceblockingb would
otherwisechangehebehaior of g. Axiom PT shavs thatencapsulatiolis sufiicientto captureinheritance
by meansof the choiceoperator It alsoshavs thatit is suficient to encapsulata singlemethod whereas
thecanonicaketof Property4.12,a(q+b- p)\«(q), might bemuchlarger Finally, notethatAxiom PT has
avariantin which theterm p is absent.This variantstateghatit is allowedto extenda life cycle with the
alternatve of a singlemethodcall. This extensionis not capturedby PT, becausg¢hetheoryPA® (M) does
not have a meango expressthe emptyprocess.The subclasselationshipbetweerproductionunitsU and
U, discussedn Example4.3 canbe provenby meansof this variantof PT in combinationwith the context
rule of Property4.22i). Axiom PT is the mostcharacteristi@xampleof protocolinheritance.
Property4.27 given below lists several axiomsthat are characteristidor projectioninheritance. The
following two lemmasareneededo prove the correctnessf theseaxiomsfor projectioninheritance.

Lemma 4.25.For ary closedtermp € C(PA*(M)) andl C E,
a(p) €| = (PA;+RNYM) F 1 (p) = 7.

Proof. Structuralinductionon basicBPA (M) terms. O

Notethatthis lemmacannotbe provenfor arbitraryclosed(PA§ +RN) (M) terms,becausét is not possible
to hideconstant.

Lemma 4.26.For ary closeatermp € C((PA;+RN)(M)),
D (PASHRNY(M) = pllT=p,
i) (PA;+RNYM)Epllt=1-p+p.
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Proof. Propertyi) is proven by inductionon the structureof basicBPA;(M) terms. Propertyii) follows
immediatelyfrom i) andAxioms M1 andM2. O

Property 4.27.For ary q, Qo, Q1, andr in C(PAT(M)) suchthata (r) € E\(x(q) U a(qo) U a(qy)),

q-r =p9g PJ1
g-(r-(go+0du) + o) <pjq-(Qo + dr) PJ2
Qo-(QullT) <pjQo- Q1 PJ3

Proof. Let | beequalto a(r).
(PAI+RNYM) 7 (q - 1) Z (@) -1 (1) L q- 71 (r) 2 q-7 Zq,

which provesPJ1. Theprooffor PJ2 is similar; only Axiom B2 is usedinsteadof B1.
TI3, T4 4.8,4.25

(PAS+RN)Y(M) 71 (q - (- (Go+G) + Go) "= 7 (@) - (71 (1) - (71 (Go) + 1 (@) + 71 (o)) 22
q-(t- G+ +9) Zq- (G + )
Axiom PJ3 is proved asfollows.
(PAI+RN)Y(M) F 7y (0o - (G 11 1)) T 2% 7 (0) - (mi (a) | 7 (1)) **2%° g0 - ([ 7) 2°
Q- (- h+q) 27 o . 0

Axioms PJ1 andPJ2 areinspiredby the two Axioms B1 and B2. Togetherthey statethatinsertingnew
behaior in anobjectlife cycle thatdoesnot disableary behaior of theoriginallife cycle yieldsasubclass
underprojectioninheritance Axiom PJ3 shavs thatputting alternatve behaior in parallelwith partof the
original life cycle alsoyieldsa subclassinderprojectioninheritance.Theinheritancerelationshipbetween
productionunits U and U, discussedn Example4.4 follows from Axiom PJ1 andthe contet rule of
Property4.22ii).

Example 4.28.Considermproductionunit U of Example4.2. Productionunit Us sendsa processing-ready
signalwhenthe mainprocessingtepis completed.The signalis sentin parallelwith the delivery of output
material. Thelife cycle of Us is describedasfollows: rcemd- pmat- (omat|| sprdy). It follows from Axiom
PJ3thatUs < U.

Property 4.29.Forary do, 01, andr in C(PAT(M)) suchthata(r) C E\(« (o) Ua(qp)), andb € E\(a(qo) U
a(dy)),

Go-(b-r Q1+ 01) <ppQo-h PP

Proof. Let H beequalto {b} andl beequalto «(r) U {b}. Notethatb is notequalto z.

(PAI+RN)(M) - 9 (0o - (0T - 01 + G1)) "2 014 (Go) - (O (0) - D ( - ) + () T =
7, A6

Qo (8- dn(r - ) + ) "= - .
Furthermore,

(PAI+RN)(M) - 7, (o~ (b1 - Ga + 1)) " =2 71 (qo) - (z1 (b-T) - 71 () + 1 (o)) **2%°

o (7-Qu+an) =" do- .
It follows from the abaove two derivationsthatgo - ((b-r) - g1 + 1) <pp Jo - Os- O

Axiom PP shaws thatunderprotocol/projectiorinheritancet is allowedto postponebehaior. In caseit is
possibleto specifyiterative behaior, a nicevariantof PP is anaxiomin whichthebehaior b - r is iterated
arbitrarily mary timesbeforecontinuingwith ¢,. Theinheritancerelationshipbetweerproductionunits U
and Uz shavn in Example4.9 canalsobe proven by meansof a variantof Axiom PP without termr in
combinatiorwith the context rule of Property4.22iii).

Thefinal propertyof this sectiongivesa few axiomsof life-cycle inheritance.
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Property 4.30. For ary p, Qo, 91, andr in C(PA™(M)) suchthata(r) € E\(x(go) U «a(qp)), andb €
E\(e(r) Ua (o) U a(qr)),

Qo-(r- (@1 +b-p) <icGo-U LC1
Qo- (@ +b-pr)<icq-h LC2
Qo- (@l (r +b-p) <icqQo-h LC3

Proof. Let H beequalto {b} andl beequalto «(r).

(PAF+RN)(M) F 71 034 (Go - ( - (Q1 + b - p)))

71 094 (Qo) - (T 0 A (r) - (7 0 An(dr) + 71 0 A (D) - 7y 0 AH(P)))
A7,A6,B1

Qo (- (Qu+d-Todu(p)) =" Co- 0,
which provesLC1. Axiom LC2 is provenasfollows:

(PAT+RN)(M) F 171 0 34 (Qo - (G +b- p) [ 1))
71 31 (Go) - (B (G) + dr () - B (P) [ 3 (0))) P2 7 (o - ((Gu+ 8- B (p)) || 1)) "22°

T (Go- (1)),
afterwhichthe proof proceedsasfor Axiom PJ3. Axiom LC3 is provensimilarly. O

D4,D3,TI4,TI3

D2,4.8,4.25

D4,4.21,D3

Axioms LC1 throughLC3 are combinationsof the axiomsfor protocoland projectioninheritance. They
areillustrative for life-cycle inheritance.lt is not difficult to find several moreof suchcombinations.It is
possibleto prove the above axiomsby meansof the context rule of Property4.22iv). Theproofabove uses
basiclemmasandaxioms,because¢hey yield amorereadablgroof.

Example 4.31.Considera productionunit Ug with life cycle rcemd- ((pmat+ ppmat- pmab || ssp$ - omat
Uponreceiptof acommandunit Ug sendsa start-processingignal. In parallel,it startsits mainprocess-
ing step,possiblyprecededy a preprocessingtep. It follows from Axiom LC2 andthe contet rule of
Property4.22iv) thatUg is a subclassinderlife-cycle inheritanceof unit U of Example4.2.

4.3 Concluding remarks

This sectionhaspresentedcharacterizationf inheritanceof behaior in asimpleprocess-algebragetting.
Four inheritancerelationshave beendefined,all in termsof the algebraicconceptsof encapsulatiorand
abstraction Several basicpropertiesof the relationsshawv thatthey aretheoreticallysound. The axiomsof

inheritancegivenin the previous subsectiorshav thatlife-cycle inheritancecaptureshreebasicoperators
to constructa subclasgrom a superclasspamelychoice,sequentiatompositionandparallelcomposition.
Sincethesethreeoperatorsare fundamentato ary (concurrent)object-orientedanguagejt appearghat
encapsulatiorand abstractioncapturethe essencef inheritanceof behaior. The axiomsof inheritance
shav how to createsubclassesf somegivenclassin a constructiveway at designtime. Thus,the axioms
stimulatethereuseof objectlife cyclesduringthe designprocess.

5 Petri Nets

Thepopularityof Petri-netheoryasaformalismfor modelingprocessess dueto bothits easy-to-understan
graphicalrepresentationf Petri-netmodelsandits potentialasa techniquefor formally analyzingconcur
rentprocessesPetrinetswereintroducedn 1962by Carl Adam Petri[60]. Sincethen,Petri-nettheoryhas
beenextendedn mary waysandappliedto mary kinds of problems.This sectioncontainsanintroduction
to theframework of so-calledPlace/Tansitionnets,abbreiatedP/T nets.

Section5.1 introducesthe notion of bags,which play an importantrole in ary Petri-netformalism.
Sectionb.2presentsheclassof labeledP/T nets.Sections.3reviews sometheoreticalesultsaboutP/T nets
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thatarethe basisfor someof the analysistechniqueswvailableto analyzePetri-netmodels.In Section5.4,

thesubclas®f free-choiceP/T netsis introduced.Thereasorto considetthis subclas®f labeledP/T netsis

thatanalysistechniquedor free-choiceP/T netsaremoreefficient thanthetechniquegor the generaklass
of labeledP/T nets.

Theintroductionto labeledP/T netsandfree-choiceP/T netsgivenin this sectionis not exhaustve. Its
only goalis to provide a basisfor theremaindeof this paper As mentionedn theintroduction,for readers
alreadyfamiliar with Petri-nettheory it is suficient to browse throughthis sectionto getacquaintedvith
notation.Goodstartingpointsfor furtherreadingon Petrinetsare[19, 27, 41, 55, 59, 64, 65, 66].

5.1 Notationsfor bags

In this papey bagsaredefinedasfinite multi-setsof elementgrom somealphabetA. A bagover alphabetA
canbeconsideredisafunctionfrom A to thenaturalnumberdN suchthatonly afinite numberof elements
from A is assignedh non-zerofunctionvalue. For somebag X over alphabetA anda € A, X(a) denotes
the numberof occurrencesf a in X, often calledthe cardinalityof a in X. The setof all bagsover A
is denotedB(A). Notethatary finite setof elementsrom A alsodenotesa uniquebagover A, namely
the functionyielding 1 for every elementin the setandO otherwise.The emptybag,which is the function
yielding O for ary elemenin A, is denoted. For the explicit enumeratiorof abag,anotationsimilarto the
notationfor setsis used but usingsquarebracletsinsteadof curly bracketsandusingsuperscriptso denote
the cardinality of the elements.For example,[a?, b, ¢3] denoteshe bagwith two elementsa, oneb, and
threeelements; thebag[a? | P(a)] containstwo elementsa for every a suchthat P(a) holds,whereP is
somepredicateon symbolsof the alphabeunderconsiderationTo denoteindividual elementof abag,the
samesymbol“e” is usedasfor sets:For ary bag X over alphabetA andelementa € A, a € X if andonly
if X(a) > 0. Thesumof two bagsX andY, denotedX WY, is definedas[a" | a € AAn = X(a) + Y(a)].
Thedifferenceof X andY, denotedX — Y, is definedas[a" | a € AAn = (X(a) — Y(a)) maxQ]. The
binding of sumanddifferenceis left-associatie. The restrictionof X to somedomainD C A, denoted
X | D, is definedas[a*® | a € D]. Restrictionbindsstrongerthansumanddifference. The notion of
subbagss definedas expected: Bag X is a subbagof Y, denotedX < Y, if andonly if for all a € A,
X@) <Y(@.

5.2 LabeledP/T nets
Let U besomeuniverseof identifiers;let L besomesetof labels.

Definition 5.1. (Labeled P/T net) An L-labeledPlace/Tansitionnet, or simply labeledP/T net,is atuple
(P, T, F, ¢) where
i) P C U isafinite setof places
i) T € U isafinite setof transitionssuchthatP N T = ¢;
i) FC (P xT)U(T x P) isasetof directedarcs,calledtheflow relatiorn
iv) £: T — L isalabelingfunction

LetN = (P, T, F, £) bealabeledP/T net. Elementof P U T arereferredto asnodes A nodex ¢ PU T
is calledaninput nodeof anothemodey € P U T if andonly if thereexistsa directedarcfrom x to y; that
is, if andonly if xFy. Nodex is calledanoutputnodeof y if andonly if thereexistsa directedarc from
y to x. If x isaplacein P, it is calledaninput placeor anoutputplace;if it is atransition,it is calledan
input or an outputtransition. The setof all input nodesof somenodex is calledthe presetof Xx; its setof
outputnodesis calledthe postset Two auxiliary functionsiy_,on- : (PUT) — P(P U T) aredefined
thatassigrnto eachnodeits presetandpostsetrespectiely. Forany nodex e PU T, iynx = {y | yFx} and
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onX = {y | XFy}. In anunambiguougontet, the subscriptidentifying the P/T netmay be omittedfrom
the presetandpostsefunctions.

Example 5.2. Besidesa mathematicaldefinition, labeledP/T netsalso have an unambiguougraphical
representation-igure5.3shavs alabeledP/T netrepresenting simpleproductionunit. Placesaredepicted
by circles,transitionsby rectanglesandtheflow relationby arcs.The smallblackdotsresidingin theplaces
are calledtokens, which areintroducedbelown. Attachedto eachplaceis its identifier Attachedto each
transitionareits identifierandits label. In theexampleof Figure5.3,it is assumedhatthelabelingfunction
is the identity function.

cmd  prdy
©
rcmd sprdy
tcmd tprdy
. pmt
imt o o B O omt
pmat omat

Figure5.3: Thegraphicalrepresentatioof alabeledP/T net.

Theclassof Petrinetsintroducedn Definition 5.1is sometimeseferredto asthe classof ordinary (labeled)
P/T netsto distinguishit from the classof Petrinetsthatallows morethanonearcbetweera pair of nodes.
In thecontet of this paperit is reasonabléo allow atmostonearcbetweerary two nodesof a P/T net.

A labeledP/T netasdefinedabove definesthe staticstructureof a process.However, labeledP/T nets
alsohave a behaior. The behaior of a P/T netis determinedby its state To expressthe stateof a net,
its placesmay containtokens In labeledP/T nets,tokensare nothing morethan simple markers (seethe
graphicalrepresentationf a labeledP/T netin Figure5.3). The distribution of tokensover the placesis
oftencalledthe markingof the net.

Definition 5.4. (Mark ed, labeled P/T net) A marked L-labeledP/T netis a pair (N, s), whereN =
(P, T, F, ¢) isanL-labeledP/T netandwheres is abagover P denotingthe markingof the net. The setof
all marked, L -labeledP/T netsis denoted\V (L ).

Thebehaior of marked, labeledP/T netsis definedby a so-calledfiring rule, which is simply a transition
relationdefiningthe changdn the stateof a marked netwhenexecutinganaction. To definethefiring rule,
it is necessaryo formalizewhenanetis allowedto executea certainaction.

Definition 5.5. (Transition enabling) Let (N, s) be a marked, labeledP/T netin N (L), whereN =
(P, T, F, ). Atransitiont € T isenableddenoted N, s)[t), if andonly if eachof its input placescontains
atleastonetoken. Thatis, (N, s)[t) < it < s. (Notethatthesetit is interpretedasabag.)

Example 5.6. In the marked netof Figure5.3, transitionrcmdis enabled.None of the othertransitionsis
enabled.

Whenatransitiont of alabeledP/T netis enabledthe netcanfire this transition. Uponfiring, t removes
atokenfrom eachof its input placesandit addsa tokento eachof its outputplaces.This meanghatupon
firing t, themarked net (N, s) changesnto anothemarkednet(N, s — it W ot). Whenfiring atransition,
thelabeledP/T netexecutesanaction whichis representedy its label.
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Definition 5.7.(Firing rule) Thefiring rule _[_) - € M (L) x L x N (L) is thesmallestrelationsatisfying
forany (N,s) in A'(L),withN = (P, T, F, ¢),andaryt e T,
(N, 9)[t) = (N, s) [£(1)) (N, s— it Wot).

Tokensthatareremovedfrom themarkingwhenfiring atransitionarereferredto asconsumedokensor the
consumptiorof atransition;tokensthatareaddedto the markingarereferredto asproducedtokensor the
productionof atransition.

Example 5.8.In the labeledP/T netof Figure5.3, firing transitionrcmd changeghe markingfrom [cmd
imt] to [tcmd imt], thusenablingtransitionpmat Firing transitionpmatyields the marking [tprdy, pm{.
This new markingenablesdothtransitionssprdy andomat Thesetwo transitionsareindependenandcan,
therefore pefiredin arbitraryordet yielding the final marking[prdy, omfl. Concurreng is representeth
avery naturalway in Petri-netmodels. Since,in the netof Figure 5.3, the labelingfunctionis simply the
identity function,uponfiring atransitiont actiont is performed.

In Section2, processpacefhave beenintroducedasthebasicsemantidramewvork of this paper The defini-
tionsgivensofarin this subsectiortonstitutea processpacenamelythe processpace N (L), L, [ ), 9).
LabeledP/T netsrepresenprocessedabelscorrespondo actions,andthe firing rule definesa transition
relation;theterminationpredicates the emptyset. The lattermeanghatthe semanticgor labeledP/T nets
definedby the above processspacedoesnot distinguishsuccessfuterminationanddeadlock. This corre-
spondgo the usualsemanticdor Petrinets(see,for example,[55, 59, 64]). In the next section,a subclass
of labeledP/T netsis introducedfor modelingobjectlife cycles;the semanticdor this classof labeledP/T
netsdoesdistinguishsuccessfuterminationanddeadlock.

Sincethe semanticsof labeledP/T netsis capturedby meansof a processspace,we automatically
obtainawell-definednotionof equivalenceof P/T nets,namely(rooted)branchingoisimilarity asdefinedin
Definition 2.8. Thefactthatrootedbranchingbisimilarity is alsothe semantiequialencein the semantics
of the equationatheoryof Section3 easeghetranslationof theinheritancenotionsof the previous section
to the Petri-netframework. In therich literatureon Petri nets,mary differentsemanticsappearfor mary
differentpurposesin particular so-calledstepsemanticsllow thattransitionghatareconcurrentlyenabled
canfire simultaneouslypther semanticglefinethe behaior of Petrinetsin termsof partial orders. Step
semanticsand partial-ordersemanticsare usually meantfor studyingconcurreng and causality In this
papertherole of concurreng andcausalityis lessimportant. Thereforewe have choserthe samesemantic
framawork for both the process-algebraitheory of Section3 andthe Petri-netframenork of this section.
Goodstartingpointsfor readersnterestedn concurreng- andcausality-relatedemanticgor Petrinetsare
[19, 61]. A studyof concurreng andcausalityin an ACP-style process-algebraisettinginspiredby the
treatmenof thesenotionsin Petri-nettheorycanbefoundin [8].

5.3 Analysisof labeledP/T nets

P/T-netmodelscanbe analyzedn mary differentways. An importantclassof analysistechniquegocuses
on propertiesof suchmodels. The basicideais that propertiesof a systemor processcanbe phrasedn
termsof propertiesof its P/T-netmodel. This subsectiorpresents selectionof propertieghatcanbeused
to analyzelabeledP/T nets. This selectionis not exhaustve. However, it is suficient for the remainderof
this paper Notethatthelabelingfunctionin labeledP/T netsis oftenonly usedfor modelingpurposeslt
usuallydoesnot affect analysistechniquesNeverthelessthe techniquegpresentedn the remainderof this
sectionaredefinedfor labeledP/T nets,becausdabelingplaysarole in the next section.
Somepropertiesof labeledP/T netsare definedon the structureof a net, whereasother properties
concerrtheir behaior. Thefirst propertydefinedin this subsectioris a simplestructuralpropertywhichis
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often corvenientin the analysisof P/T nets. Thereflexive andtransitive closureof arelation R is denoted
R*: theinverseof relation R is denotedR 1.

Definition 5.9.(Connectednessh labeledP/TnetN = (P, T, F, £) is weaklyconnectedor simply con-
nectedif andonly if, for everytwo nodesx andyin P U T, x(F U F~1)*y. Net N is strongly connectedf
andonly if, for everytwo nodesx andy in P U T, xF*y.

Example 5.10.The P/T netin Figure5.3is connectedbut not stronglyconnected.

Thenext definitionis fundamentaln the analysisof P/T nets. It definesthe setof markingsthata P/T net
canreachfrom its initial marking. The setof reachablenarkingsof a P/T netis alsocalledthe statespace
of the net. Recallthatthe semantic®f labeledP/T netsis capturedn the processpace(N (L), L, [ ), #).
Thus,thereachabilityrelation. = _ < (L) x N(L) canbedefinedasin Definition2.2.

Definition 5.11.(Reachablemarkings) Thesetof reacablemarkingsof amarked,labeledP/Tnet(N, s)
N(L)ywith N = (P, T, F, £), denoted N, s), is definedastheset{s' € B(P) | (N, s) = (N, )}.

Sometimest is corvenientto know the sequencef transitionsthat arefired in orderto reachsomegiven
marking. This paperusesthe following notationsfor sequencesLet A be somealphabebf identifiers. A
sequenceflengthn, for somenaturalnumbem < IN, overalphabetA isafunctions : {0,...,n—-1} — A
The sequencef length zerois called the empty sequenceand written ¢. For the sale of readability a
sequencef positive lengthis usuallywritten by juxtaposingthe functionvalues:For example,a sequence
o =1{(0,a), (1 a), (2 b}, fora, b € A, iswritten aab. Thesetof all sequencesf arbitrarylengthover
alphabetA is written A*.

Definition 5.12. (Firing sequence)Let (N, s) with N = (P, T, F, ¢) be a marked, labeledP/T netin
N(L). A sequence € T* is calleda firing sequence®f (N, 5) if andonly if, for somenaturalnumber
n € IN, thereexist markingssy, ..., s, € B(P) andtransitiond;, ..., t, € T suchthate =1t;...t, and,for
alli with0 <i < n,(N,s)[tiy1) ands 1 =S — iti;; Wot 1. (Notethatn = O impliesthato = ¢ and
thate is afiring sequencef (N, &).) Sequence is saidto be enabledin markingsy, denoted'N, sp)[o).
Firing thesequence resultsin theuniquemarkings,, denoted N, ) [o) (N, $,).

Thefollowing propertyis a directresultof the definitionsgivensofar. It stateghata markingof a labeled
P/T netis reachablef andonly if thereis afiring sequencéeadingto thatmarking.

Property 5.13.Let (N, s) with N = (P, T, F, £) beamarked, labeledP/T netin N'(L). For ary marking
s € B(P),s €[N, s) if andonly if thereexistsafiring sequence of (N, s) suchthat(N, s) [¢) (N, s).

Proof. Definitions5.11(Reachablenarkings)and5.12 (Firing sequence). O

Example 5.14.1t is straightforvard to verify thatthe setof reachablanarkingsof the P/T netin Figure5.3

equals{[cmd, imt], [tcmd imt], [tprdy, pm{, [prdy, pm{, [tprdy, om{, [prdy, om{}. Marking [prdy, pm{ is
theresultof firing sequencecmdpmatspidy.

Property5.13is very oftenusedin reasoningaboutreachablenarkingsof P/T nets.Sinceit is sofundamen-
tal, in theremainderit is not explicitly referencedachtimeit is usedin a proof.
Thefollowing propertyis oftenusefulwhenanalyzingthe setof reachablenarkingsof a P/T net.

Property 5.15. (Monotonicity of reachablemarkings) Let (N, s) with N = (P, T, F, £) bea marked,
labeledP/T netin N'(L). Lets ands” in B(P) betwo markingsof N. If S’ is areachablenarkingin [N, s),
thenmarkings W s” is reachabldromsw s”; thatis,s Ws” € [N, s s").

Proof. It is a straightforvard consequencef the obseration that ary firing sequencef (N, s) is alsoa
firing sequencef (N, s W s”) thatdoesnot affectthetokensin s”. O
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Example5.14 shaws thatit canbe straightforvard to calculatethe setof reachablenarkingsof a P/T net.
However, in generalthe statespaceof anon-trvial P/T netcanbevery large or eveninfinite.

Definition 5.16.(BoundednessA marked,labeledP/Tnet(N, s) € A (L) is boundedf andonly if theset
of reachablenarkings[N, s) is finite.

The following propertycharacterize®oundednesst is particularly usefulto prove thata P/T netis un-
bounded.

Property 5.17.(Characterization of boundedness® net(N, s) € N'(L) is boundedf andonly if, for ary
markingss € [N, s) ands” € [N, s'),s” > s impliess’ =s.

Proof. See[59, Section4.2.1.1], wherethe propertyis formulatedas a propertyof the coverability tree
(called the reachabilitytree in [59]). The propertyis a direct result of Property5.15 (Monotonicity of

reachablenarkings)andthefactthatthe coverability treeof alabeledP/T netis alwaysfinite. O
scmd
cm@ prdy
rcmd sprdy
tcmd tprdy
rmat D igt ] met [ omt
pmat omat

Figure5.18: An exampleof alive andunbounded/T net.

Example5.19.TheP/T netof Figure5.3is bounded Examples.14shavsthatits statespaces finite. Figure
5.18shavs avariantof the P/T netof Figure5.3. It containgwo new transitionsmodelinganoperatorthat
sendscommanddo the productionunit (scmd andreplenishesnput material(rmat). Theinitial markingis
theemptybag0. As before,it is assumedhatthelabelingfunctionis theidentity function. It is notdifficult
to seethatthe netof Figure5.18is unbounded.Sincethe two aborementionedransitionshave no input
placesthey arecontinuouslyenabled.Therefore the numberof tokensin placescmdandimt, andthusall
otherplacescanincreasandefinitely Property5.17 canbe usedto prove unboundednedsrmally. Firing
transitionscmdleadsto marking[cmd, whichis strictly largerthantheinitial markingO.

Another property of a P/T-net model, which is often meaningfulfrom a designpoint of view, is that it
containsno so-calleddeadtransitions.A deadtransitionis atransitionthatis never ableto fire.

Definition 5.20.(Deadtransition) Let (N, s) beamarked, labeledP/T netin A'(L). A transitiont € T is
deadin (N, s) if andonly if thereis noreachablanarkings’ € [N, s) suchthat(N, s')[t).

A propertystrongethantheabsencef deadtransitionss livenessA P/T netis liveif andonly if, nomatter
whatmarkinghasbeenreachedijt is always possibleto enablean arbitrary transitionof the netby firing
ary numberof othertransitions.

Definition 5.21.(Liveness)A marked, labeledP/T net (N,s) € N (L) with N = (P, T, F, ¢) is live if
andonly if, for every reachablanarkings € [N, s) andtransitiont € T, thereis a reachablanarking
s” € [N, §') suchthat(N, s”)[t).
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Property 5.22.A live marked, labeledP/T netdoesnot have ary deadtransitions.

Proof. Definitions5.20and5.21. O
scmd
cmd; D prdy
rdy
rcmd sprdy

temd, psy | tprdy

empty
imt omt

pmat\-O omat J

pmt
.
L
rmat

Figure5.23: An exampleof alive andboundedP/T net.

Example 5.24. The P/T netof Figure5.18is live. Figure5.23 shavs anotherexampleof a live P/T net.

It is a variantof the productionunit of Figure5.18. It containsthreeextra places. A tokenin placerdy

meanghatthe unit is readyto receve acommandatokenin bsymeanghatit is busy processingatoken

in emptymodelsthat the unit containsno material. Anotherdifferencewith the unit of Figure5.18is that
the processing-readgignalis not sentimmediatelyafter processingbut only afterthe outputmaterialhas
beendelivered. A final differenceconcernghe commandsandthe input materialfor the unit. The operator
only sendsa new commando the unit after a processing-readgignalhasbeenreceved. Materialis only

replenishedfteroutputmaterialhasbeendelivered.Initially, two commanddave beensentto the unit and
threepiecesof input materialareavailable.

It is possibleto prove thatthe two P/T netsof Figures5.18 and5.23 arelive by analyzingtheir state
spaces.From suchan analysis,it alsofollows that the net of Figure 5.23is bounded ,whereaswe have
alreadyseenthatthe netof Figure5.18is unbounded.

TheP/T netof Figure5.3is notlive. Again, this follows easilyfrom the statespacgseeExample5.14).

A markingof a marked P/T netis calleda homemarkingif andonly if it is reachabldrom every marking
reachabldrom theinitial marking. Home markingsplay an importantrole in the analysisof termination
behaior anditerative behaior. Considera marked P/T netthatis definedto terminatesuccessfullywvhen
somegiven markingis reached.If this markingis a homemarking,it meansthatthe P/T netalwayshas
theoptionto terminatesuccessfullylf theinitial markingis ahomemarkingof the net,thenits behaior is
iterative.

Definition 5.25.(Home marking) Let (N, s) beamarked,labeledP/T netin A'(L). A reachablanarking
s’ € [N, s) isahomemarkingof (N, s) if andonly if, for ary reachablenarkings” € [N, s),s" € [N, s").

Example 5.26.Theinitial markingof the P/T netof Figure5.23is ahomemarking.

Thefollowing definitiondefinesthe notionof a subnetof a P/T net.
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Definition 5.27.(Subnet)Let N = (P, T, F, £) bean L-labeledP/T net. A P/T netS = (Py, To, Fo, £o)
with Py € P andTy C T isasubnebf N if andonlyif Fg = FN((Pox To)U(Tox Pg)) andég = £N(Tox L).
SubnetSis saidto be generatedby the setof nodesP, U T.

scmd
cmd{ D prdy
rcmd sprdy
tcmd tprdy

pmatg omat
O

pmt

Figure5.28: A subnetof the P/T netof Figure5.23.

Example 5.29. Considerthe P/T net of Figure5.23. Figure5.28 shaws its subnetgeneratedy the setof
nodes{cmd rcmd tcmd pmat pmt, omat tprdy, spy, prdy, scmd.

Thefollowing definitiondefinesa very specifickind of subnet.

Definition 5.30.(S-component)Let N = (P, T, F, £) beanL-labeledP/T net. SubnetS = (Pq, Ty, Fo, £o)
of N with Py # @ is anS-componenof N if andonly if i) Sis stronglyconnectedseeDefinition 5.9),ii)
for everytransitiont € Ty, |ist| = |ost| = 1, andiii) for everyplacep € Py, inpUonp C To.

Example5.31.TheP/T netof Figure5.28is an S-componenof the P/T netof Figure5.23.

A characteristipropertyof an S-componenbf someP/T netis thatthe numberof tokensin the placesof
the S-components constantfor all reachablemarkingsof the P/T net. Recallthat, for somebagyY over
alphabetA andelementa € A, Y(a) denoteghe numberof occurrencesfain Y. Forany X C A, Y(X)
denoteghetotal numberof occurrencesf elementof X in Y; thatis, Y(X) = (+a: ae X :Y()).

Property 5.32.Let (N, s) beamarked,labeledP/T netin N'(L); let (P, T, F, £) beanS-componenof N.
For ary reachablenarkings' € [N, s), S (P) = s(P).

Proof. Inductiononthelengthof ary firing sequenc@eededo reachmarkings’ from markings. O

Example 5.33. Consideragainthe P/T net of Figure 5.23 andits S-componenbf Figure5.28. It is not
difficult to seethatthe numberof tokensin the S-componenis two for every reachablanarking.

Property5.32hasmary interestingconsequenceshe following propertystateshatthe markingof alive
connected/T netmarksall of its S-components.

Property 5.34.Let (N, s) with N = (P, T, F, £) bea live marked, connected®/T netin N'(L) suchthat
T # 0. For every S-componentPq, To, Fg, £9) of N, s(Py) > O.
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Proof. If N hasno placesthe propertyis trivial. Thereforeassumeahat P £ @. Let (P, To, Fo, £0) bean
S-componenodf N suchthat Py # . Assumethats(Py) = 0. It follows from the assumptionshat N is
connectedand T # ¢ andDefinitions5.9 (Connectednesgnd5.30(S-component)hat To # @. Property
5.32implies thatary of the placesin Py is unmarledin ary markingreachabldrom s. Thus, it follows
from Definitions5.20 (Deadtransition)andagain5.30(S-componentjhatall transitionsin To aredeadin
(N, s). However, this contradictdPropertys.22,which stateghatalive P/T netcannothave deadtransitions.
Hences(Py) > 0. O

This subsectiorendswith two propertieghata setof placesof alabeledP/T netmayexhibit. A setof places
X of aP/T netis calledatrapif everytransitionthatneedsatokenfrom X to fire alsoreturnsatokento X.

Thepresetandpostsedf a setof nodesX of a P/T netaredefinedasfollows: iX = (Ux: x € X : ix) and
oX = (UX: Xe X: 0X).

Definition 5.35.(Trap) LetN = (P, T, F, £) bealabeledP/T net. A setof placesX C P is calledatrap
if andonly if oX C iX. A trapis properif andonly if it is nottheemptyset.

A characteristipropertyof atrapis that,onceit becomesnarked, it remainsmarked.

Property 5.36.Let (N, s) be a labeledP/T netwith N = (P, T,F,¢). Let X C P beatrapof N. If
s(X) > 0, then,for every reachablenarkings € [N, s), '(X) > 0.

Proof. Definitions5.35(Trap),5.11(Reachablenarkings),and5.7 (Firing rule). O

Example 5.37.Consideragainthe P/T netof Figure5.23. Thefollowing setsof placesaretraps:{rdy, bsy},
{empty pmt}, {cmd bsy, prdy}, {rdy, tcmd pmt, tprdy}, {cmd tcmd pmt, tprdy, prdy}, and{imt, pmt, omt.
By definition, the union of ary numberof trapsis againa trap. The P/T net of Figure’5.23 hasno other
propertrapsthanthe six mentionedabose andthe onesthatconsistof the unionof ary numberof thesesix
traps.

Notethatthe placesof an S-componenbf a P/T netconstitutea trap. (It is aninterestingexerciseto prove
thisformally.)

A setof placesX of alabeledP/T netis calleda siphonif andonly if every transitionthatputsatoken
in X uponfiring alsoconsumestokenfrom X.

Definition 5.38.(Siphon)Let N = (P, T, F, ¢£) bealabeledP/T net. A setof placesX C P is calleda
siphonif andonly if iX € o0X. A siphonis properif andonly if it is nottheemptyset.

A characteristipropertyof a siphonis that,onceit becomesinmarled, it alwaysremainsunmarled.

Property 5.39.Let (N, s) bea labeledP/T netwith N = (P, T, F, £). Let X C P beasiphonof N. If
s(X) = 0, then,for every reachablanarkings € [N, s), s'(X) = 0.

Proof. Definitions5.38(Siphon),5.11 (Reachablenarkings),and5.7 (Firing rule). |

Example 5.40.ConsideragainFigure5.23. In this particularexample,the setof siphonsof the P/T netis
identicalto its setof trapsgivenin Example5.37.

Notethatthe placesof anS-componentdf a P/T netform a siphonof the net.

In this subsectiona non-exhaustve selectionof propertiesof labeledP/T netshasbeenpresented.
However, someimportantaspecthiave notyetbeenaddresseds it alwayspossibleto decidewhethersome
markingof alabeledP/T netis reachabldrom its initial marking?Or whetherit is ahomemarking?And is
it alwayspossibleto decidewhethersomegivenlabeledP/T netis boundedor live? Theanswetto all these
questiongs affirmative. However, the algorithmsarevery complex andinefficient. The readerinterested
in thesealgorithms,andin decidabilityand compleity resultsfor P/T netsin general,is referredto the
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literature.Goodstartingpointsare[31, 32]. A solutionto improve the efficiency of analysisechniquedor
P/T netsis to considersubclassesf P/T nets. As mentionedthe classof so-calledfree-choiceP/T netsis
particularlyinterestingn this context.

5.4 Free-choiceP/T nets

Free-choiceP/T netsarecharacterizedby the factthattwo transitionssharingan input placealwaysshare
all theirinput places.Theclassof free-choiceP/T netscombinesa reasonablexpressie power with strong

analysigechniquesConsequentlyfree-choiceP/T netshave beenstudiedextensiely in theliterature.The

mostimportantresultson free-choiceP/T netshave beenbroughttogetherin [27]. Exceptfor Property
5.54,all resultsin this subsectiorappeaiin [27]. The maintheoremsaregivenwithout proof. Someother

resultsareaccompaniedavith proofs,becausehe proofsillustratethe useof the maintheoremsTheresults
in this subsectiorshav thattraps,siphonsandS-componentglay animportantrole in analyzingliveness,
boundednesgndhomemarkingsof free-choiceP/T nets.

Definition 5.41.(Free-choiceP/T net) A free-thoice P/T netis aP/T net(P, T, F, £) asin Definition 5.1
suchthat,for all transitionst, u € T, eitherit Niu =@ orit = iu.

Note that, in Definition 5.41, free-choiceP/T netsare labeled. As mentioned,the labeling function is
includedfor modelingpurposesilt is not presenin the standardiefinition of free-choiceP/T netsasgiven
in, for example,[27]. Thelabelingfunctiondoesnot affect ary of the resultspresentedn the remaindeiof

this section.
W

Figure5.42: A non-free-choiceonstruct:.confusion.

Example 5.43.The P/T netsof Figures5.3,5.18,5.23,and5.28 areall free-choice.Figure5.42shovs a
typical non-free-choiceonstruct,called confusion. In theinitial state,all threetransitionsa, b, andc are
enabled Transitionsa andc areindependentthey do notshareary input places.However, bothtransitions
competefor a token with transitionb andarethusin conflict with b. The constructis called confusion,
becausdiring, for example,transitiona solvesthe conflict betweenthe othertwo transitionsb andc in

favor of c. After a hasfired only c is enabled.

The first main theoremof this subsectiorstatesthat a connectedree-choiceP/T netis live if andonly if
every propersiphonincludesaninitially markedtrap.

Theorem 5.44.(Commoner’s theorem) Let (N, s) with N = (P, T, F, £) be a marked, connectedree-
choiceP/Tnetin N' (L) suchthatT is notempty Net(N, s) is liveif andonly if every propersiphonX < P
containsatrap¥Y C X suchthats(Y) > 0.

Proof. [27, Section4.3] O

Example 5.45. Considerthe free-choiceP/T net of Figure5.18. It is not difficult to seethatthis P/T net
doesnothave ary siphons.Hence|t trivially satisfieghe conditionof Theorenb.44,which meanst is live.
Figure5.23shawvs anotherfree-choiceP/T net. Its trapsandsiphonsaregivenin Examples.37and5.40. It
follows immediatelythatthe netsatisfieghe conditionof Commoners theoremwhich meanghatalsothis
netis live. Finally, considetthefree-choicd?/T netof Figure5.3. Thesetconsistingof the singleplacecmd
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is asiphon.Sinceit is notatrap,the conditionof Commoneis theoremis not satisfied As aresult,the P/T
netof Figure5.3is notlive. Notethatthe resultsof this exampleconformto the conclusionsiravn earlier
in Example5.24.

Theoremb5.44 (Commoners theorem)canbe usedto prove the following interestingpropertyof live free-
choiceP/T nets. It saysthata live free-choiceP/T netremainslive whenan arbitrary numberof tokensis
addedto its marking. The basicideaof the proofis thataddingtokensto a markingcannotinvalidatethe
requirement®f Commoneis theorem.

Property 5.46.(Monotonicity of liveness) et (N, s) with N = (P, T, F, £) bealive marked, free-choice
P/Tnetin N'(L); lets' € B(P) beamarkingof N. The marked, free-choiceP/T net(N, sws') islive.

Proof. SinceCommoners theoremis only valid for connectedree-choiceP/T nets, N is partitionedinto
connectedsubnetsvithout any connectiondetweernthem. Formally, let Ng = (Po, To, Fo, £0), ..., Ny =
(Pn, Ta, Fn, £), for somen < IN, be connectedsubnetsof N suchthat, for all i with 0 < i < n, N
is generatedy P, U T;. Furthermoreassumehat P, throughPR,, Ty throughT,, and Fq throughF, are
partitioningsof P, T, andF, respectiely. Clearly, it follows from Definition 5.21 (Liveness}hat, for ary
markings € B(P), (N, s) isliveif andonlyif, foralli withO <i <n, (N;,s[P)islive.

Let N;, for somei with 0 < i < n, beanarbitrarysubnetof N asdefinedabove. To prove Property
5.46,it suficesto shaw that, for arbitrarymarkingss, s € B(P,), (Nj, sw ) is live from the assumption
that(N;, s) islive. If T = @, (N;, sw g) islive. Thereforeassumahat T; £ ¢. Notethat,sinceN is free-
choice,alsoN; is free-choice.Thus, it follows from the assumptiorthat (N;, s) is live and Theorem5.44
(Commoners theorem)thatevery propersiphonX C P, of N; containsatrapY < X suchthats(Y) > 0.
Consequentlyevery propersiphonX C P, containsatrapY C X suchthat(sws')(Y) > 0. AgainTheorem
5.44yieldsthat(N;, sws) islive. O

Note thatlivenesds not monotonefor ordinarylabeledP/T nets. It is a nice exerciseto find alive P/T net
thatis no longerlive whenoneor moretokensare addedto theinitial marking. For the impatientreadey
Figure7.26in Section7.6 containsanexampleof sucha net.

Recall Property5.34 which statesthat the marking of a live connectedP/T net marksall of its S-
componentslt canbestrengthenefbr a certainclassof free-choiceP/T nets.

Property 5.47.Let (N, s) withN = (P, T, F, £) bealive andboundednarked, connectedree-choiceP/T
netsuchthatT is notempty Lets € B(P) beamarkingof N. Themarked P/T net(N, ') is live if and
only if, for every S-componentPy, To, Fo, £9) Oof N, S'(Py) > 0. Thatis, (N, s) is live if andonly if §
marksevery S-componentf N.

Proof. Theimplicationfrom left to right follows immediatelyfrom Property5.34. The otherimplicationis
a consequencef Theorem5.44 (Commoners theorem)and several resultsconcerningsiphonsandtraps,
see[27, Sectionb.2] for details. O

An S-cover of alabeledP/T netis a setof S-componentsuchthateachplaceof the netis containedoy at
leastoneS-component.

Definition 5.48.(S-cover) Let N = (P, T, F, £) bean L-labeledP/T net; let C be a setof S-components
of N. SetC is calledan S-caver of N if andonly if, for every placep € P, thereexistsan S-component
(P, To, Fo, €o) inC suchthatp e Po.

Thesecondmportanttheoremof this subsections the S-coverability theorem.

Theorem 5.49. (S-coverability theorem) Let (N, s) be a live andboundedmarked, free-choiceP/T net.
NetN hasanS-cover.
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Proof. [27, Section5.1] O

Example 5.50.In Example5.24,it wasarguedthatthe P/T netof Figure5.23is live andbounded.Since
this P/T netis free-choicejt musthave anS-cover. It is notdifficult to verify thatthefour subnetgenerated
by the setsof nodes{cmd rcmd tcmd pmat pmt, omat tprdy, spdy, prdy, scmd, {rdy, rcmd bsy, sprdy},
{empty pmat pmt omaf, and {imt, pmat pmt omat omt rmat} are S-componentshat form an S-cover.
Thefirst oneof theseS-components the oneshovn in Figure5.28. Notethatthe markingin Figure5.23
marksall S-componentsyhich conformsto Property5.47.

TheS-coverability theoremcanbe usedto prove thefollowing propertyof live andboundedree-choiceP/T
nets.

Property 5.51. Let (N, s) with N = (P, T, F, £) be a live andboundedmarked, free-choiceP/T netin
N (L). Foreverymarkings' € B(P), net(N, s') is bounded.

Proof. Accordingto Definition 5.16 (Boundedness)i mustbe shavn thatthe setof reachablenmarkings
[N, s') is finite. First, notethatthe numberof tokensin markings’, s'(P), is finite. Second,it follows
from Theoremb.49(S-coverability theorem)that N hasanS-cover C. Sincethe numberof placesof aP/T
netis finite, it follows from Definition 5.48 (S-cover) thatthe numberof S-componentin C, |C|, is also
finite. Sinceevery S-componeninitially containsat mosts'(P) tokens,it follows from Property5.32that
every reachablanarkings” € [N, s') containsat mosts'(P) - |C| tokens;thatis, for everys” € [N, §'),
s’(P) < §(P) - |C|. Sincethe numberof placesof N is finite, it follows that[N, s} is finite. O

Thethird andfinal theorenof this subsectiorstateghatareachablenarkingof alive andboundedconnected
free-choiceP/T netis ahomemarkingif andonly if it marksevery propertrapof thenet.

Theorem5.52.(Home-marking theorem) Let (N, s) withN = (P, T, F, £) bealiveandboundednarked,
connectedree-choiceP/T netin N (L) suchthatT is notempty A reachablenarkings' < [N, s) isahome
markingof (N, s) if andonly if, for every propertrapX € P, s (X) > 0.

Proof. [27, Section8.2] O

Example 5.53. Consideragainthe P/T netof Figure5.23andits trapsgivenin Example5.37. Sincethe
initial markingmarksevery propertrap of the net, it is a homemarking, which conformsto the claim of
Example5.26.

The Home-markingtheoremcan be usedto prove monotonicityof homemarkingsfor live andbounded
free-choiceP/T nets.

Property 5.54.(Monotonicity of homemarkings) Let(N, s) with N = (P, T, F, £) bealive andbounded
marked, free-choiceP/T netin N'(L). Lets’ ands” in B(P) betwo markingsof N. If s' is ahomemarking
of (N, s), thens' W s” is ahomemarkingof (N, sW s”).

Proof. If N hasnotransitionsthe propertyis trivial. ThereforeassumehatT is notempty Withoutlossof
generalityit mayalsobeassumedhatN is connected(If N is notconnectedit is possibleto considerthe
partitioningof connectedsubnetof N, similarto the proof of Property5.46 (Monotonicity of liveness).)

Assumethats’ isahomemarkingof (N, s). Thegoalis to usethe Home-markingheorento prove that
s' W s” isahomemarkingof (N, sWw s”). Thus,it mustbeshavn that(N, s W s”) is live andboundedthat
sws’ €[N,sws"), andthats W s” marksevery propertrapof N.

Since(N, s) is live andboundedPropertiess.46 and5.51 yield that (N, s w §”) is live andbounded.
Sinces’ is ahomemarkingof (N, s), Definition 5.25(Homemarking)andProperty5.15(Monotonicity of
reachablemarkings)imply thats' W s” € [N, sWw g”). It follows from the Home-markingheoremthat s’
marksevery propertrapof N and,thus,thats' ws” marksevery propertrapof N. As aresult,theconditions
of theHome-markingheoremaresatisfiedproving thats’ & s” is ahomemarkingof (N, s s”). O
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Similar to Property5.46 (Monotonicity of liveness)Property5.54 doesnot generalizeo ordinaryP/T nets
asdefinedin Definition 5.1. Figure 7.26in Section7.6 shavs a live andboundedP/T net with a home
markingthatdoesnot satisfythe monotonicityrequiremenstatedn Property5.54.

Thethreemaintheoremsof this subsectionCommoners theorem the S-coverability theorem,andthe
home-markingheorem,form the basisfor several efficient analysistechniquedor free-choiceP/T nets.
None of the resultsgeneralizego ordinary P/T nets,althoughsomeof them (partially) generalizeto sub-
classesf P/T netsthatareslightly largerthanfree-choiceP/T nets. Theinterestedeadeiis referredto [27,
Chapterl0].

6 Inheritance in the Petri-net Framework

The maingoal of this andthe following sectionis to translatethe resultsof Section4 to a frameavork that
is closeto practicalobject-orientednethodssuchas UML. Petrinetsarewell suitedfor this purposefor
sev/eral reasons.First, they provide a graphicaldescriptiontechniquethatis easyto understand.Second,
Petrinetshave an explicit representatiof states.Third, it is naturalto modelconcurreng in Petrinets,
whichis anadwantagewhenmodelingdistributed systems Fourth, they have a soundtheoreticabasisand
mary techniquesandtools are availablefor the analysisof Petrinets. Finally, they arecloseto the state-
basedgraphicaltechniquesisedin practicalobject-orientednethodgor specifyingobjectlife cycles,such
asthe statechartliagramsof UML.

Section6.1 formalizesthe notion of anobjectlife cycle in the framework of Petrinets. In Section6.2,
the four inheritancerelationsdefinedin Section4.1 aretranslatedo this framewvork. Section7 presents
several transformatiorruleson objectlife cycles. Thesetransformatiorrules are basedon the axiomsof
inheritanceof Section4.2. They canbe usedto transforma classinto a subclassthus, reusinglife-cycle
designs.

The Petri-netframework of this andthe following sectionis more expressie and more powerful than
the process-algebraitamavork of Sectiond. Thepriceto be paidis thatthe definitions,thetheoremsand
theproofsaremorecomple. Thetranslatiorfrom processlgebrato Petrinetsshavs how the development
of a conceptin one formalism caninspire the developmentin anotherformalism. The formalization of
inheritanceof behaior in processlgebrahasledto aclearconceptualinderstandinghestudyin Petrinets
yieldsaframework closeto practicalobject-orientednethods.

6.1 Object life cycles

An objectlife cycle specifiegheorderin which themethodof anobjectmaybe executed Whenmodeling
alife cyclewith aPetrinet,atransitionfiring correspondso the executionof a method.Sincetheemphasis
is on the executionorderof methodsandnot on theirimplementatiordetails,the formalismof labeledP/T
netsasintroducedin the previous sectionis well suitedasthe basicPetri-netframenork for modelinglife
cycles and studyinginheritanceof behaior. Transitionlabelscorrespondo methodidentifiers. At this
point, it is clearwhy transitionlabelingis includedin our P/T-net framework. It is necessarybecause
singlemethodmay occursereraltimesin thelife cycle of anobject. As in Section4, the setof methodss
denotedM. RecallthatM includestheidentifier r to modelinternalmethods.The setof externalmethods
M\{z} is denotecE. However, notevery M-labeledP/T netis anobijectlife cycle.

It is importantto seethata life cycle refersto a single object It suficesto considerjust oneobject,
becausenultiple objectsof the sameclassinteractvia the executionof methodsandnot directly via thelife
cycle. A P/T netdefiningalife cycle hasexactly oneinitial orinputplacei. Placei hasnoinputtransitions.
A tokenin placei modelsthefactthatthe correspondingbjecthasnotyetbeencreated Whenconsidering
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thebehaior of anobjectasit is specifiedby a P/T netwith aninputplacei, in theinitial marking,placei is
theonly placemarkedandit containsonly a singletoken.

To modelobjecttermination,anobjectlife cycle hasa uniquefinal or outputplaceo. An objecttermi-
nateswhen,andonly when, it reacheghe markingof a singletokenin o. In addition,if a markinghasa
tokenin o, it mustbe the only tokenin the marking. This meansthat, uponterminationof an object, all
informationaboutthe objectis removed. Furthermoreit is assumedhatit is alwayspossibleto terminate.
However, this doesnot meanthatanobjectis forcedto terminate.In technicalterms,marking[o] mustbea
homemarkingof the P/T netmodelinganobjectlife cycle, asdefinedin Definition 5.25.

In additionto the above requirementsa P/T net modelinga life cycle is assumedo be connected,
as definedin Definition 5.9. Furthermorea life cycle may not have ary deadtransitions,as definedin
Definition 5.20. Theserequirementsare technicallycorvenient. They are alsomeaningfulfrom a design
pointof view. Placesn apartof the P/T netthatis notconnectedo theinitial placei will remainunmarled
whenstartingfrom theinitial marking[i], no matterwhattransitionsarefired. Deadtransitionscorrespond
to methodghatcannotbe executed.Hence,jt is not meaningfulto modela life cycle with anunconnected
P/T netor a P/T netwith deadtransitions.

The abore considerationarepartly relatedto the staticstructureof anobjectlife cycle andpartly to its
behaior, in particular its terminationbehaior. Thereforejt isimportantto fix the semantidramework for
M-labeledP/T netsthatis usedthroughoutheremainderAssumethatthe universeof identifiersU contains
the specialidentifiersi ando.

Definition 6.1.(Semanticsof M-labeledP/T nets) Thesemantic®f marked, M-labeledP/T netsis defined
by theprocesspaceN' (M), M, [),]). Thesetof processed/ (M) is thesetof all marked, M-labeledP/T
netsasdefinedin Definition 5.4. Thetransitionrelation [ ) is thefiring rule of Definition5.7. Predicatg is
thesetof all markednets(N, [0]) in N (M) with N = (P, T, F, £) ando € P, whereo is the specialoutput
placein U introducedabove.

As before,the consequencef definingthe semanticof M-labeledP/T netsin termsof a processspaceis
that we obtaina notion of equivalenceof P/T nets,namely(rooted)branchingbisimilarity. As explained
in Section2.2, theroot conditionin the definition of rootedbranchingbisimilarity is crucialin a process-
algebraiccontext. However, it is not neededn aframewvork of P/T nets.Onthecontrary it is oftentedious
to have to take into accountheroot condition. Thereforejn theremainderbranchingoisimilarity is chosen
asthebasicequivalence However, all theresultsin this sectioncarry over to rootedbranchingbisimilarity.

Having definedthe basicsemantidramework, it is possibleto formally definethe notion of an object
life cycle. ThedefinitionusesDefinition 5.11thatdefinesthe setof reachablanarkingsof a P/T net. Note
that the behaioral propertiesin the definition are all definedwith respectio the marking consistingof a
singletokenin the specialplacei. In theremainderwe oftenimplicitly assumehatthe initial markingof
anobijectlife cycle equaldi].

Definition 6.2. (Object life cycle)Let N = (P, T, F, £) be anM-labeledP/T net. Net N is anobjectlife
cycleif andonly if thefollowing conditionsaresatisfied:

i) ConnectednesdN is weaklyconnected;

i) Objectcreation P containsaninputplacei € U suchthatii = @;

iii) Objecttermination P containsanoutputplaceo € U suchthatoo = @;

iv) Propertermination for ary reachablanarkings € [N, [i]), if o € s, thens = [0];

v) Terminationoption. marking[o] is ahomemarkingof (N, [i]);

vi) Deadtransitions (N, [i]) containsno deadtransitions.

Thesetof all objectlife cyclesis denoted?.
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Figure6.3: An exampleof anobjectlife cycle.

Example6.4.Figure6.3shavsanexampleof alabeledP/T netmodelingtheobjectlife cycle of aproduction
unit andits semantics.The firing rule is depictedby arronvs. The statesin the semanticarerepresented
by the markingsof the net. Thelife cycle shavs concurrenaswell asiterative behaior. After receving a
commandthe unit startsits processingphase.In parallel,it sendsa start-processingignalto the operator
Theprocessingphaseconsistf zeroor morepreprocessingtepsfollowed by themainprocessingction.
Theunitfinisheswith deliveringtheoutputmaterial.lt is clearthatthe objectlife cycle of Figure6.3satisfies
the requirementf Definition 6.2. In particular it hasalwaysthe option to terminateand terminationis
alwaysproper

Definition 6.2 of an objectlife cyclein theframewvork of P/T netsis moreinvolved thanthe corresponding
definition in the equationaltheory PA* (M) (Definition 4.1). The main reasonfor this differenceis that
the theory PA™ (M) doesnot containthe inaction constantnor doesit allow the specificationof iterative
behaior. A consequencef theselimitations is that the terminationof an objectlife cycle specifiedin
PAT (M) is alwaysguaranteedLabeledP/T nets,on the otherhand,inherentlyallow iterations,astheabore
exampleshaws. It is alsonotdifficult to give P/T netswhichwill neverterminatedueto adeadlock.In other
words, labeledP/T netsare more expressie thanclosedtermsover the signatureof the equationatheory
PAT(M). Oneof theconsequencss thatit is necessaryo explicitly definetheterminationrequirementsn
thedefinitionof anobjectlife cycle abore.

An interestingquestionis whatpropertiesobjectlife cyclesexhibit. An exampleof ausefulpropertyis
thefollowing.

Property 6.5.Let N beanobjectlife cyclein ©. Themarkedlife cycle (N, [i]) is bounded.

Proof. Assume(N, [i]) is unboundedAccordingto Property5.17(Characterizationf boundednessjhere
existmarkingss’ € [N, [i]) ands” € [N, §') suchthats” > s'. It follows from Requirement) (Termination
option) of Definition 6.2 (Objectlife cycle) that[o] € [N, s'). Property5.15(Monotonicity of reachable
markings)ieldsthat[o]w(s”"—s) € [N, s”). Sinces”—s" is notempty thelattercontradictdRequiremeniv)
(Propertermination)of Definition 6.2 (Objectlife cycle). Hence,(N, [i]) is bounded. O

This propertyis onesteptowardsavery interestingresult,namelythatobjectlife cyclescanbecharacterized
in termsof livenessandboundednessl he characterizatiotis taken from [2], whereit is givenfor so-called
soundworkflow nets.Soundworkflow netsarealmostidenticalto objectlife cycles. Thefollowing auxiliary
definitionis neededo formulatethe desiredtheorem.Givena netwith aninput placeandan outputplace
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asin Definition 6.2 (Objectlife cycle), it definesthe extensionof the netwith anextratransitionconnecting
the outputplaceto theinput place.

Definition 6.6.Let N = (P, T, F, £) be an M-labeledP/T net satisfyingthe first threerequirementof
Definition 6.2. _Assumethatf is anidentifierin U that doesnot appearin P or T. The labeledP/T net
N = (P, T, F, ¢)isdefinedasfollows: P = P, T =T U{t}, F = FU{(0, 1), (t,i)},and¢ = £ U {(t, 7)}.

Thelabel of the new transitionin the extendednetdoesnot play arole in the characterizatiowf objectlife
cycles.For the sale of corveniencethelabelis setto z.

Theorem 6.7. (Characterization of object life cycles)Let N beanM-labeledP/T netsatisfyingRequire-
ments) throughiii) of Definition 6.2 (Objectlife cycle). NetN is anobjectlife cycleif andonly if (N, [i])
is live andbounded.

Proof. The proofis identicalto the proof of Theoreml1in [2], which characterizesoundnessf workflow
netsin termsof livenessandboundednessl herearetwo smalldifferencedetweerthetwo theoremsFirst,
objectlife cyclesarelabelednetswhereasvorkflow netsareunlabeled.However, labelingdoesnot play a
rolein the proof. Secondthedefinition of workflow netsrequireshatthe extensionwith anextratransition
connectinghe outputplaceto theinput placeis stronglyconnectedHowever, this extrarequirements not
neededn the proof. O

Anotherinterestingquestionis whetherit is possibleto decideefficiently whethera labeledP/T netis an
objectlife cycle.

Theorem 6.8. (Decidability of object-life-cycle properties) It is decidablewhetheranM-labeledP/T net
is anobjectlife cycle.

Proof. Requirements) throughiii) of Definition 6.2 are simple structuralpropertiesthat canbe checled
for ary P/T netin a straightforvard way. Requirements$v), v), andvi) canbe derived from the coverability
treeof (N, [i]) (se€[59], whereit is calledthereachabilitytree). Sincethe coverability treeof a P/T netis
alwaysfinite, it is decidablevhetherN is anobjectlife cycle. O

The exactcompleity of decidingthe object-life-g/cle propertiess still anopenquestion.However, some
known compleity resultsfor P/T nets(see,for example,[31, 32]) suggesthat they cannotbe decided
efficiently. First, decidingthe life-cycle propertiesby meansof the coverability tree, assuggestedn the
proof of Theorem6.8, requiresin the worstcasenon-primitive recursve space.SecondRequirementsv),
v), andvi) of Definition 6.2 are all closely relatedto the questionwhethera marking is reachabldrom
someothermarking. This questionis decidable but the exact compleity is unknavn. It is only known
thatthe spacerequirement®f analgorithmto decidereachabilityareat leastexponentialin the numberof
nodesof the net, which is not particularly efficient. The questionwhethersomegiven markingis a home
markingis decidable put the complity is unknavn. Third, Theorem6.7 shavs thatobjectlife cyclescan
becharacterizeth termsof livenessandboundednesdecidingboundednesfr labeledP/T netsis knowvn
to be EXPSFACE-hard. The compleity of decidinglivenesss unknavn. It is unlikely thatdecidingthe
combinationof livenessaandboundednessequiredessthanexponentialspace.

Althoughthecompl«ity of decidingthelife-cycle propertieds discouragingit is still possibleto verify
the propertiesby meansof the coverability treein a relatively straightforvard way for objectlife cycles
thatarenottoo large. In addition,[46] givesconditionsfor a marked P/T netthatguaranteghatthe netis
live andbounded.It alsopresentsanalgorithmwhich is linearin the numberof nodesof the netto verify
theseconditions.Basedon Theorem6.7,the algorithmof [46] providesanefficient proceduredo prove that
a P/T netis anobjectlife cycle, althoughfailure of the algorithmdoesnot meanthat the netis not a life
cycle. Experiencewith casestudiesis neededo find out the practicallimitations. In casethe P/T netsin an
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object-orienteddesignbecometoo complex for the automaticverificationof life-cycle propertiesor if the
algorithmof [46] fails, therearetwo solutions.First, it is possibleto build life cyclesin a constructie way
by meansof transformatiorrulespreservingthe life-cycle properties.Second,t is possibleto restrictthe
classof P/T netsusedin the designin suchaway thatthe verificationof thelife-cycle propertieshecomes
moreefficient. Both solutionsarediscussedbriefly in the remaindeof this subsection.

The characterizatioof objectlife cyclesin termsof livenessandboundednessf Theorem6.7 already
provides the basisfor a useful setof transformatiorrules preservinglife-cycle properties. The theorem
implies thattransformatiorrulespreservingdivenessandboundednesef P/T netsalsopresere life-cycle
properties.Startingwith anobjectlife cycle, the applicationof arny suchtransformatiorrule yields another
objectlife cycle. Usingthis approachtime-consumingerificationof life-cycle propertieds notnecessaty
The literaturecontainsseveral studieson transformatiorrulespreservingivenessandboundednessf P/T
nets. In [2], a setof transformatiorrulesis given thatis designedor the purposeof constructingsound
workflow nets. They cover designconstructssuchasthe additionof sequentialalternatve, parallel,and
iterative behaior to aworkflow net. Sincetheserulespresere livenessandboundednesshey canalsobe
usedto constructobjectlife cycles. In [72], a very similar setof transformationgreservingivenessand
boundednessf P/T netsis presentedalthoughthe contet differs from the context of [2]. Otherliveness-
and-boundednegmesering transformatiorrulescanbe foundin [18, 26, 27, 30, 45, 55]. However, these
rules are developedfor the analysisof net modelsinsteadof their construction. Consequentlyfrom the
designpoint of view, they do not alwayshave anintuitive meaning.Of coursethis doesnot meanthatthey
cannotbe usedduring the constructionof an object-orientedsystemdesign. Sincethe literaturealready
containssomary studieson transformatiorrulespreservindivenessandboundednessf P/T nets,they are
not furtherdiscussedh this paper

Another sourceof transformationrules preservingobject-life-gcle propertiesare the transformation
rulesintroducedn Section7, which aredevelopedfor the purposeof constructingsubclassesf objectlife
cycles.For moredetails,thereadeiis referredto Section?.

As mentioned,anothersolutionto make the automaticverification of life-cycle propertiesfeasibleis
to restrictthe classof P/T netsallowed in the design. In Section5.4, the setof free-choiceP/T netshas
beenintroducedasa classof netsthatcombinesxpressienesswith stronganalysisechniqueslt is knowvn
thatdecidingthe combinationof livenessandboundednestr marked, free-choiceP/T netscanbe donein
lineartime[46]. In combinationwith Theorem6.7,this leadsimmediatelyto thefollowing result.

Theorem 6.9. (Complexity of deciding life-cycle propertiesfor free-choiceP/T nets) It is decidablein
lineartime whetheranM-labeled free-choiceP/T netis anobjectlife cycle asdefinedin Definition 6.2.

Proof. Theorem6.7 andtheresultsof [46]. O

This lasttheoremis a smallimprovementof a resultin [2] for free-choiceworkflow nets. It is possibleto
relaxthefree-choicaequirementn Theorem6.9slightly while maintainingthe sameefficiengy in deciding
thelife-cycle propertiegse€[2]).

Anotherclassof P/T netsthat might be an interestingcandidatefor defining objectlife cyclesis the
classof well-handledP/T nets,asdefinedin [1, 3]. For well-handledP/T nets,it is alsopossibleto verify
the object-life-g/cle propertiesefficiently. As for free-choiceP/T nets,this resultis basedon Theorem6.7
(Characterizatioof objectlife cycles).For moredetails,theinterestedeaderis referredto [1, 3].

6.2 Inheritance relations

Definition 6.2 formalizesthe notion of an objectlife cycle in termsof P/T nets. The next stepin the
translationof the process-algebraiframenork of Section4 to P/T netsis the formalization of the four
inheritancerelationsof Definition 4.5. Recallthattheserelationsareall definedin termsof two operators,
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namelyencapsulatiomndabstraction.Encapsulations usedto block methodcalls; abstractioris usedto
hide methodcalls. Thesetwo operatorcanbe definedon labeledP/T netsasfollows. Notethatthey only
affectthe structureof a P/T net. For the sale of readability they aredefinedon marked nets.

Definition 6.10.(Encapsulation)Let (N, s) beamarked, M-labeledP/T netin A'(M), whereN = (P, To,
Fo, £o). For ary H C E, the encapsulatioroperatoroy : N (M) — N(M) is a function that removes
from a given P/T netall transitionswith alabelin H. Formally, a4 (N, s) = ((P, Ty, F1, £1), S) suchthat
Ti={teTy| lot) € H}, F1 = FoN ((P x T U (Ty x P)), andf, = £o N (Ty x M).

Definition 6.11.(Abstraction) Let (N, s) beamarked, M-labeledP/T netin A’ (M), whereN = (P, T, F,

Lg). Forary | C E, theabstractioroperatorr; : N'(M) — N (M) is afunctionthatrenamesll transition
labelsin | to thesilentactiont. Formally, t, (N, s) = ((P, T, F, £1), s) suchthat,foranyt € T, £g(t) € |

implies£,(t) = t and£g(t) ¢ | implies£1(t) = £o(t).

Thefollowing propertyshaws thatthe definition of encapsulatiomndabstractioris soundwith respecto
our standardnotion of equivalence. It statesthattwo netswith the samebehaior also exhibit the same
behaior afterencapsulatingr abstractingpneor moreactions.

Property 6.12.Branchingbisimilarity, ~y, is a congruencéor the encapsulatioandabstractioroperators.

Proof. Theorem2.14 provesthatbranchingbisimilarity is an equivalencerelation. It remainsto be shavn
that,for any two markedP/T nets(Nop, Sp) and(Ny, s1) in A/ (M) andary setsH, | € E, (No, S) ~b (N1, S1)
impliesthatay (No, So) ~b 91 (N1, S1) andz; (No, So) ~b 71 (N1, S1). Let R € N (M) x N (M) beabranching
bisimulationbetween Ny, sp) and(Ny, s1). BasedonR, arelation@Q € N (M) x N (M) is definedastheset
{(@1 (Ng, u), 34 (N1, v)) | (Ng, WR (N1, v)}. It is notdifficult to verify that @ is a branchingbisimulation
between(Ng, ) and(Ng, s;). Hence,~y, is a congruencdor the encapsulatiomperatordy. In asimilar
way, it canbe shawvn that~y, is a congruencdor the abstractioroperatorr, . O

Theintroductionof encapsulatiomndabstractioron P/T netsis suficient to translatehe inheritancerela-
tionsof Definition 4.5to theframawvork of this section.

Definition 6.13.(Inheritance relations)

i) Protocolinheritance
For ary objectlife cyclesNg andN; in O, life cycle N, is asubclas®f Ny underprotocolinheritance,
denotedN; <t No, if andonly if thereisanH C E suchthatoy (Ng, [i]) ~p (No, [i]).

ii) Projectioninheritance
For ary objectlife cyclesNg andN; in O, life cycle N, is a subclasof Ny underprojectioninheri-
tance denotedN; <p; No, if andonly if thereisan! C E suchthatr (Ny, [i]) ~p (No, [i]).

iii) Protocol/projectiorinheritance
For ary objectlife cyclesNg andN; in O, life cycle N; is asubclas®f Ny underprotocol/projectia
inheritance denotedN; <p, No, if andonly if thereis an H C E suchthatdy (N, [i]) ~p (No, [i])
andan| C E suchthatz, (N, [i]) ~p (No, [i]).

iv) Life-cycle inheritance
For ary objectlife cyclesNg andNj in O, life cycle N, is asubclas®f No undetife-cycleinheritance,
denotedN; <. No, if andonly if therearean| € E andanH < E suchthatl N H = ¢ and

71 0 4 (Ng, [iD~p (No, [i].
Example 6.15.Figure6.14 shaws five objectlife cycles,eachof themmodelinga variantof a production

unit. Unit Ny is the basicproductionunit thatrecevesa command processesmaterial,anddeliversoutput
material. Unit N; extendsNg with error control. If uponcompletionof the processingohasean error is
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Figure6.14: Someexamplesof inheritancerelationships.

detectedmethodreppis executedto repeathe processingtep. By encapsulatingnethodrepp it is easily
shavn thatunit N; is a subclasof unit Ng underprotocolinheritance.Unit N, introducesa new method
cerr thatanoperatomayuseto correctanerror As unit Ny, unit N, is asubclassinderprotocolinheritance
of unit Np. Again, encapsulatingnethodreppis suficient to prove this relationship.Unit N, is a subclass
underprojectioninheritanceof unit N;. This canbe shavn by hiding methodcerr. Unit N3 sendsa start-
processingsignalto the operatorin parallelwith its processingphase.Hiding methodsspsshaws thatit is
a subclassunderprojectioninheritanceof unit N,. Finally, unit N, is a subclassinderprotocol/projectia
inheritanceof unit N3. Encapsulatinghe preprocessingctionppmatyieldsalife cycleidenticalto unit Na.
Hiding methodppmatyields a life cycle which is branchingbisimilar to Ns. Finally, all units N;, where
0 < j < 4, aresubclassesf unit Ny underlife-cycle inheritance.

In the process-algebraiframenork of Sectiond, several propertiesof the four inheritancerelationshave
beenproven. Most of thesepropertiescarry over to the settingof this section.To facilitatereasoningabout
life cycles,thealphabebperatoiis definedon P/T nets.
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Definition 6.16. (Alphabet) The alphabetoperatoris a functiona : N (M) — P(E). Let (N,s) bea
marked, M-labeledP/T netin N (M), with N = (P, T, F, £). Thealphabebf (N, s) is definedasthe setof
visible labelsof all transitionsof the netthatarenotdead:a(N,s) = {£(t) |t € T A £(t) # T Atisnot
deadin (N, s)}.

An importantpropertyof the alphabebperatoris thattwo equivalentP/T netshave the samealphabet.To
prove this property the following lemmais needed. For every two processeselatedby somebranching
bisimulationin a given processspaceijt saysthatthe branchingbisimulationrelatesary procesgeachable
from oneof thesetwo processeto aprocesgeachabldrom the otherprocess.

Lemma 6.17. Assumethat (P, A, — , | ) Is a processspaceasdefinedin Definition 2.1. Furthermore,
assumedhat. = _ C P x P is thereachabilityrelationof Definition 2.2. Let p andq betwo processes
P, letR beabranchingbisimulationbetweenp andq, asdefinedin Definition2.8. Forary p',q’ € P,

D p=p=@3q:9eP:q=4q ApRY)and

i)g=0q =@3p:pPeP: p= p ApPRY).
Proof. It is straightforvard to prove the two propertiesby inductionon the numberof actionsneededo
reachp’ from p andq’ from g, respectiely. O

Given Lemma6.17 and two branchingbisimilar P/T nets, it is not difficult to prove that ary non-dead
transitionin onenetcorrespondso a non-deadransitionwith the samelabelin the othernet. This leads
easilyto the desiredcongruenceroperty

Property 6.18.For ary two P/T nets(Ng, S) and(Ny, S;) in N'(M),
(No, So) ~b (N1, 81) = a(No, So) = a(Ny, s1).

Proof. Let Ng = (Py, To, Fo, £0) andNy = (Py, Ty, Fq, £1). Assumethat (Ng, S) ~p (N1, S). Let R bea
branchingbisimulationbetween(Ng, s9) and(Ny, s;). Recallthat. = - € N (M) x N (M) is therelation
expressingeachabilityvia silentactions,definedin Definition 2.6.

Assumethata € a(Ng, ). It follows from Definitions6.16 (Alphabet)and5.20(Deadtransition)that
theremustexist areachablenarkingu € [Np, S) andatransitionty € Tp suchthat (N, u)[tp), a # 7, and
£(tp) = a. Hence,Lemma6.17i) andDefinition 5.11 (Reachablenarkings)yield thattheremustexist a
reachablenarkingv € [Ny, s1) suchthat(Ng, U)R(Ny, v). SinceR is abranchingbisimulationanda # t,
thereexist a markingw of N; suchthat (N, v) = (N, w) andatransitiont; € T, suchthat{(t;) = a
and(Ny, w)[ty). It followsthatw € [Ny, s;). Hence Definition 5.20 (Deadtransition)impliesthatt; is not
dead.ConsequentiDefinition 6.16 (Alphabet)yieldsthata € a(Ny, §1).

A symmetricabrgumentprovesthatary a € «(Ny, $;) is alsoanelemenbof a(Ng, S), which completes
the proof. O

Sinceanobjectlife cycle doesnot have ary deadtransitionsit is straightforvard to calculateits alphabet,
asthefollowing propertyshaws.

Property 6.19.For ary objectlife cycleN = (P, T, F, £) in O,

a(N,[iD={e®) [t e T ALl) # 7}
Proof. Definitions6.2 (Objectlife cycle) and6.16(Alphabet). O
Property6.19shavs thatthe alphabebf anobijectlife cycle doesnotdependonits marking. Thereforethe
alphabebf anobjectlife cycle N € O is abbreviateda (N).

The propertiesof the alphabet.encapsulationand abstractionoperatorggivenin Section4.1, namely

Lemmas4.8, 4.10,4.11, 4.13, and 4.14, are easily translatedto labeledP/T nets. They canbe proven
straightforvardly from Definitions6.10(Encapsulation)s.11 (Abstraction),and6.16 (Alphabet).
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Propertiest.12,4.15,and4.17 of Section4.1 cannow be provenwithin the frameavork of this section.
Theproofsusethebasiclemmador thealphabetencapsulatiorandabstractioroperatorsnentionedabove,
aswell asthe congruenceesultsof Propertiess.12and6.18. They go alongthe sameinesasthe proofsin
Sectiond.1andare,hencepmitted.

The first property shavs the existenceof canonicalsetsof methodsfor proving relationshipsunder
protocol, projection, and protocol/projectia inheritance. Furthermoreto prove a life-cycle-inheritane
relationshipbetweentwo life cycles,it is alwayspossibleto choosea partitioningof exactly all themethods
new in the subclassnto two sets,one containingthe methodsthat are encapsulate@nd the other one
containingmethodghatarehidden.

Property 6.20.For ary objectlife cyclesNg, N; € O,

i) Ni <pt No € 9o (N \a(Ng) (N1, [iD ~b (No, [iD),
i) N1 <pj No €& To(Np\a(Ng) (N1, [i]1) ~b (No, [i]),
i) N1 <pp No < da(Npra(Ng) (N1, [I1D) ~b (No, [ID A TanpaNg (N2, [11) ~b (No, [1]), and
iV) N1 <cNo< AH, 1 : H,l Ca(ND)\a(Nop) AHUI =a(N)\a(N)) AHNT =@
7 0 9 (N, [i]) ~p (No, [i])).

Thesecondropertystateghattheinheritancerelationsarereflexive andtransitive.

Property 6.21. Protocol,projection,protocol/projectionandlife-cycle inheritanceasdefinedin Definition
6.13,arepreorders.

Thethird propertytaken from Section4.1 shawvs that subclassquivalenceunderary form of inheritance
corresponds$o branchingpisimilarity.

Definition 6.22. (Subclassequivalence)Let ~,,, wherex < {pp, pt, pj, Ic}, be the equivalencerelation
inducedby <,. For ary objectlife cyclesNg andN; in O, Ng &, N; <& Ng <, N1 A N; <, Ng. Thetwo life
cyclesaresaidto be subclasequivalentunders inheritance.

Property 6.23.For ary objectlife cyclesNg, N1 € O andx € {pp, pt, pj, Ic},
No ~, Ny & (No, [i]) ~p (Ng, [i]).

Anotherresultof Sectiord.1,namelyProperty4.22,describesvhenasubclasganberefinedto amorespe-
cializedsubclasslt doesnot have a straightforvard translationto the frameawork of this section.However,
thetransformatiorrulesintroducedn the next sectioncanbe usedfor this purpose.

A final aspecthatneeddo be studiedis the decidabilityof the four inheritancerelations.

Theorem 6.24.(Decidability of inheritance) For ary two objectlife cyclesNy andN; in O, it is decidable
whethemN; is asubclas®f Ng underary of thefour inheritanceaelationsof Definition 6.13.

Proof. The first stepin proving ary inheritancerelationshipbetweentwo objectlife cyclesis to choose
appropriatesetsof methodsthat must be encapsulatear hidden. For protocol, projection, and proto-
col/projectioninheritance Property6.20 shavs that canonicalsetsdefinedin termsof the alphabetof Ny
andN; canbechosen Property6.19impliesthatit is straightforvard to calculatethesetwo alphabetsFor
life-cycle inheritance Property6.20shavs thatit is alwayspossibleto choosea partitioningof themethods
in the alphabef N; andnotin the alphabef Ny. Sincethe numberof transitionsof a P/T netis finite,
thereonly existsa finite numberof possibilities.

The secondstepinvolves checkingbranchingbisimilarity. Obsenre that, accordingto Property6.5,
(No, [i]) and(Ng, [i]) arebounded.It follows from Definitions5.16 (Boundedness).10(Encapsulation),
and6.11(Abstraction)thatary of themodifiedobjectlife cyclesusedn thedefinitionof thefourinheritance
relationshamelydy (N1, [i]), 71 (N1, [i]), andz, 094 (Ny, [i]) with H, | C E, arealsoboundedOhviously,
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the processorrespondingo a boundedP/T net, definedby the semanticof Definition 6.1 and Definition
2.3 (Process)hasa finite numberof statesand transitions. Hence,the processesorrespondingo ary
of thelife cyclesor modifiedlife cyclesmentionedabove areall finite. Consequentlycheckingary of the
branching-bisimilarit relationship®ccurringin Definition 6.13is decidable As aresult,it is alsodecidable
whetherN; is asubclas®f Np underary of thefour inheritancerelations. O

The key in the above decidabilityresultis that all the P/T netsin the problemare boundedand, hence,
all processefinite. As aresult,branchingbisimilarity andthusall theinheritancerelationsare decidable.
Theexactcompl«ity of decidingbranchingbisimilarity on boundedP/T netsis unknawn. It is known that
decidingwhethertwo finite processesare branchingbisimilar canbe donein polynomialtime, wherethe
sizeof the problemis definedasthe numberof statesandtransitionsof the two processef37]. However,
constructingthe processcorrespondingo a P/T netrequiresin the worst caseat leastexponentialspace,
wherethesizeof the problemis the numberof nodesof the P/T net. This spacaequirements animmediate
consequencef theknowvn lowerboundonthe compleity of thereachabilityproblem[32]. Hence deciding
ary of theinheritanceelationsontwo objectlife cyclescannothedoneefficiently. Thisis oneof thereasons
to studyin the next sectiontransformatiorrulesto constructsubclassefom a givenlife cycle.

7 Inheritance Rules

An importantgoal of object-orienteddesignis to stimulatethe reuseof software componentsOne of the
aimsof this paperis to develop supportfor the reuseof objectlife cycles. Therefore this sectionproposes
anumberof inheritancerules Inheritancerulesaretransformatiorruleson objectlife cyclesthatcanbe
usedto constructsubclassefom a givenobijectlife cycle underspecificformsof inheritance.

As long asobjectlife cyclesarenottoo comple, it is straightforvard to verify whetherthereexistsa
specificinheritancerelationshipbetweerthem,bothfrom a computationapoint of view andfrom a design
point of view. However, the discussionat the end of the previous sectionshavs that computationtime
might becomeunacceptableshenthe objectlife cyclesbecometoo large. In addition,evenif thereexists
aninheritancerelationshipbetweertwo objectlife cycles,it might not alwaysbe meaningfulfrom adesign
point of view. Thereforeaninheritancerule for the constructiorof subclassesf objectlife cyclesshould
preferablysatisfytwo criteria. First, it shouldbe efficientin computatiortime. Secondjt shouldrepresent
a meaningfuldesignconstruct. Unfortunately thesetwo criteria are often in conflict. Usually, the more
generakninheritanceuleis, themoreusefulit is in practicaldesign.Thepriceto be paidis almostalways
the computationtime neededo verify whethera specifictransformatiorsatisfiesthe requirementof the
rule. An inheritancerule thatsatisfiedoththeaborementionedriteriacanbeausefulaidin object-oriented
designby stimulatingthe reuseof objectlife cycles.

Thissectionpresentgour differentinheritanceules. Eachoneof themcorrespondo adesignconstruct
whichis oftenusedin practice namelychoice,sequentiatomposition parallelcomposition anditeration.
The rulesareinspiredby the axiomsof inheritancepresentedn Section4.2. Eachrule is a compromise
betweerthetwo criteriamentionedabore. Therulesarepresentedn the orderof increasingcompleity.

Thefollowing auxiliary definitionis usefulin the definition of theinheritanceules.

Definition 7.1. (Union of labeled P/T nets)Let Ng = (P, To, Fo, £0) andN; = (P, Ty, F1, £1) betwo
M-labeledP/T netssuchthat (Py U P;) N (To U Ty) = @ andsuchthat,for all t € To N Ty, £o(t) = £4(1).
Theunion Ny U N1 of Ng andN; is thelabeledP/Tnet(Py U Py, ToU Ty, Fo U Fq, £g U £4). If two P/T nets
satisfytheaborementionedwo conditions their unionis saidto bewell defined
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7.1 Inheritance rule PP

Thefourinheritancerulesof this sectionareall basednthesameprinciples.Therule thatis the easiesbne
to understands presentedirst. It preseresboth protocolandprojectioninheritance.Therule is inspired
by Axiom PP, asdefinedin Property4.29. It is illustratedin Figure7.2. Let Ny beanobjectlife cycle. Let
N be a connectedfree-toice P/T netsuchthatthe union Ny = Np U N is well defined. P/T netN; is a
subclas®f life cycle Ng underprotocol/projectiorinheritancef thefollowing four conditionsaresatisfied:
i) Ng and N only sharea singleplacep; i) all transitionsof N have alabelwhich doesnot appeatin the
alphabebf No; iii ) eachtransitionof N with p asoneof its input placeshasavisiblelabel,andiv) (N, [p])
is live andbounded.Inheritancerule PP shavs that underprotocol/projectia inheritancejt is allowedto
postponéoehaior. WhenN; reaches statein which placep is marked, it is possibleto iteratethe behaior
definedby N anarbitrary numberof timesbeforecontinuingwith the original behaior. Therequirement
that (N, [p]) is free-choice Jive, and boundedguaranteeshat every token consumedrom place p by a
transitionof N canalwaysbereturnedo p. This propertyof N is crucialfor the correctnessf rule PP.

Inheritancerule PP is fairly general. The only requirementhat might seemout of placeis the re-
quirementhatN is free-choice However, asalreadyexplainedin Section5.4, free-choiceP/T netsexhibit
mary interestingpropertieshatdo not carryover to generalP/T nets. Two examplesof suchpropertiesare
monotonicityof livenessand monotonicityof homemarkings. Theseand other propertiesform the basis
of inheritancerule PP. In Section7.6, the role of the free-choicerequiremenin rule PP (andthe other
inheritancerulesof this section)is discussedn moredetail.

A positive consequencef thefree-choicerequirements thatit canbe verified very efficiently whether
a specifictransformatiorsatisfieshe conditionsof the inheritancerule. Note thatrule PP doesnot require
thatN; is anobijectlife cycle. ThefactthatN; is alife cycle followsfrom theotherrequirementsAs already
explained,thealphabebf anobjectlife cycleis simplythesetof its visible transitionlabels.It hasalsobeen
mentionecthatlivenessandboundednessf free-choiceP/T netscanbe verifiedin lineartime [46]. This
meanghatall requirement®f rule PP canbe verified efficiently.

Thecorrectnessf inheritanceaule PP is provenby shaving thatit is a specialcaseof two otherinheri-
tancerules,namelyrule PJ andrule PT, bothgivenfurtheronin this section.Theadwantageof sucha proof
is thatit is relatively short. The disadantageis thatit doesnot provide muchinsightin the exactworking
of therule. Onafirst readingthereadelis advisedto skip the correctnesgroof of rule PP. To understand
the detailsof rule PP, it is bestto study the lemmaswhich form the basisof the proof of the remaining
inheritanceules. Thesdemmasaregivenin the next subsection.

Finally, obsere that,whenRequirementii) of rule PP is dropped,t doesno longerpresere protocol
inheritanceput thatit still preseresprojectioninheritance.

PP

Figure7.2: A protocol/projectiofinheritance rule.
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Theorem 7.3. (Protocol/projection-inheritance rule PP) Let No = (Po, To, Fo, £o) beanobjectlife cycle
inO.If N= (P, T, F, £) is aconnectedM-labeledfree-choiceP/T netwith placep € P suchthat

D pgli,o, kNP ={p), ToNT =40,
i) (Vt:teT:et) ¢a(Ny)),
i) Vt:teT Apeint:Lt) #1),
iv) (N, [p]) isliveandboundedand
V) N1 = Ng U N is well defined,

thenN, is anobjectlife cyclein O suchthatN; <p, No.

Proof. To prove Theorem/.3,it is shavn thatit is a specialcaseof bothTheorem7.13andTheorem7.17in
Sections7.3and7.4,respectrely. Thus,it is shavn thatthe inheritancerule preseresboth projectionand
protocolinheritancewhich accordingto Definition 6.13(Inheritancerelations)meanghatit alsopreseres
protocol/projectia inheritance. Let No, N;, and N be the three P/T netssatisfyingthe requirementsof
Theorem7.3.

Thefirst partof theproof startsby shaving that Ny containsatransitionwith placep in its postsetSince
Ng is alife cycle, it follows from Definition 6.2 (Objectlife cycle) that Ng is connected.It follows from
Definition 5.9 (Connectednesg)ndthefactthatplaces ando aredistinctthat T, is notempty Sincea life
cycle doesnot containary deadtransitionsLemma?.4 belov yieldsthatthereexists a reachablanarking
s € [No, [i]) suchthats > [p]. Definitions5.11(Reachablenarkings)and5.7 (Firing rule) imply thatthere
existsatransitiont, € To suchthatp € oy,t,.

Transitiont, is usedto constructa P/TnetN, = (P2, Ty, Fy, £3) asfollows: P, = Py, T, = T U {tp},
Fo = FoU{(p. tp), (tp, P)}, andey = Lo U {(tp, £o(tp))}. It remaingto beshavn thatNg, N;, and N, satisfy
therequirement®f Theorem7.13,whereN, playstherole of N.

First, it mustbe shavn that N, is connectedandfree-choice. It follows immediatelyfrom Definition
5.9 (Connectednessihe constructiorof N,, andthefactthat N is connectedhatalsoN, is connectedTo
provethat N, is free-choiceassumehat N, is notfree-choicelt follows from Definition 5.41 (Free-choice
P/T net),the constructiorof N,, andthefactthatN is free-choicghattheremustbeatransitiont € T such
that{p} C int. Since(N, [p]) is live, theremustbe areachablenarkings € [N, [p]) suchthat(N, s)[t),
which meanghats > [p]. However, by Property5.17 (Characterizatiomf boundednessjhis contradicts
theboundednessf (N, [p]). It follows that N, is free-choice.

Secondit is straightforvardto seethat Ny and N, satisfyRequirements$) andii) of Theorem7.13.

Third, it mustbe shavn that (N, [p]) is live andbounded.it follows from Definitions5.35(Trap)and
5.38(Siphon)thatthetrapsandsiphonsof N, areidenticalto thetrapsandsiphonsof N. It maybeassumed
thatT # @. Otherwise,Ng andN; areidentical,which meanghat Theorem?7.3is trivially true. It follows
from thefactsthatboth N and N, areconnectedandthat (N, [p]) is live andTheorem5.44 (Commoners
theorem)thatalso (N, [p]) is live. To prove that (N, [ p]) is bounded obsere thatthe setsof reachable
markingsof (N, [p]) and(Ny, [p]) areidentical. Thus,since(N, [ p]) isboundedalso(N,, [p]) isbounded.

Finally, it is straightforvard to verify that Ny = (Po, To, Fo\{(tp, P)}, £0) U (P2, T2, Fo\{(p, tp)}, £2).
Thus,alsoRequiremeniv) of Theorem?.13is satisfied completingthefirst partof the proof.

For thesecondbartof the proof,assumehaty € U is afreshidentifiernotappearingn PbUToUPUT
andthatb € E is a fresh(visible) methodidentifiernotin «(Ng) . Let P/TnetNY = (P, T U {y}, F U
{(p,y), (y, P}, £U{(y, b)}). It is straightforvard to verify that Ng, N1, andNY satisfytherequirement®f
Theorem7.17,wherep; = p, = p andNY playstherole of N. Therequirementhat NY is connectedand
free-choiceandthe requirementhat (NY, [ p]) is live andbounded Requiremeniv) of Theorem7.17)are
provenin the sameway asabove. Requirements), ii), andiii) of Theorem7.17 aswell asRequirement/)
areall trivially satisfied.Finally, also Requirementi) is straightforvard underthe above assumptiorthat
pi = po, Which completeghe proof. O
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The following lemmais usedin the proof of Theorem7.3. It shaws that, in a connected?/T netwithout
deadtransitionsijt is possibleto putatokenin anarbitraryplace.

Lemma7.4.LetN = (P, T, F, £) bea connectedM-labeledP/T netsuchthatT is notempty Assume
thats € B(P) is amarkingsuchthat(N, s) containsno deadtransitions.For ary placep € P, thereexists
areachablenarkings' € [N, s) suchthats’ > [p].

Proof. If N containsno placesthenthelemmais trivial. Thereforeassumehat P # ¢. Let p beaplacein
P. It follows from theassumptiorthat T is not emptyandDefinition 5.9 (Connectednesshatthereexists
atransitiont € ip U op. Since(N, s) hasno deadtransitions Definition 5.20(Deadtransition)impliesthat
thereexistsa markings’ € [N, s) suchthat (N, s)[t). If t € op, thens” > [p]. If t € ip, Definition 5.7
(Firing rule) impliesthats” = s’ — it W ot isamarkingin [N, s) suchthats” > [p]. O

Example 7.5. Consideragainthe objectlife cyclesin Example6.15. It is not difficult to verify thatthe
inheritancerelationshipbetweenN, and N3 canbe provenby meansof inheritanceule PP.

7.2 Liveand boundedfree-choiceP/T netsand homemarkings

In the analysisof iterative behaior, homemarkingsplay an importantrole. Several resultsabouthome
markingsof live andboundedfree-choiceP/T netsareessentiato the correctnes®f the inheritancerules
in this section.Theseresultsareformulatedin termsof a numberof lemmas.If applicable thelemmasare
explainedby meansof inheritancerule PP of the previous subsection.

Thefirstlemmais atechnicalresultwhich characterizetherole of theemptymarkingin the analysisof
homemarkingsof live andboundedree-choice?/T nets.

Lemma7.6.LetN = (P, T, F, £) beaconnectedlabeled free-choiceP/T net. Assumethatthereexists a
markings € B(P) suchthat(N, s) is live andboundedLets',s” € B(P) betwo markingsof N.

i) 0isahomemarkingof (N, 0);
ii) if s isahomemarkingof (N, s”), thens' = 0 if andonly if s” = 0.

Proof. The first part of the lemmais proven asfollows. Sincethereexists a markings € B(P) such
that (N, s) is bounded,it follows from Property5.51 thatalso (N, 0) is bounded. Hence,Property5.17
(Characterizatiof boundednessimpliesthatthe emptymarkingis the only reachablanarkingof (N, 0).
Thus,it follows trivially from Definition 5.25(Homemarking)thatO is ahomemarkingof (N, 0).

The secondpart of the lemmafollows directly from the following two obsenrations. First, sinces’ is
ahomemarkingof (N, s”), it follows from Property5.32andDefinition 5.25 (Homemarking)thats” and
s” mark every S-componenbf N with the samenumberof tokens. Second;t follows from the factthat
thereexistsa markings € B(P) suchthat (N, s) is live andboundedand Theorem5.49 (S-coverability)
thatevery placeof N is containedn the setof placesof atleastoneS-component. O

Theremaininglemmasall give resultsabouta very specifickind of live andboundedree-choiceP/T net,
namelya connectedree-choiceP/T net N with a place p suchthat (N, [p]) is live and bounded. The
extensionN in inheritancerule PP is sucha P/T net. As mentionedearlier the crucial propertyof N is
thatary token consumedrom place p canalwaysbe returned.This propertymustremainvalid underall
circumstancesThefollowing lemmastateghata singletokenin placep canalwaysbereturned.Thatis, if
life cycle Ng in inheritancerule PP putsa singletokenin placep, it is alwayspossibleto returnthis token
whenit is consumedy atransitionof the extensionN.

Lemma7.7.LetN = (P, T, F, £) bea connected|abeled,free-choiceP/T net. If p € P is aplacesuch
that(N, [p)) is live andboundedthen( p] is ahomemarkingof (N, [p]).
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Proof. If N containsno transitionsthe propertyis satisfiedrivially. ThereforeassumehatT is notempty
Definitions5.20 (Deadtransition)and5.21 (Liveness)mply that, for ary reachablenarkings € [N, [p])
andary transitiont € T, t is notdeadin (N, s). Lemma7.4yieldsthat, for ary reachablemarkings e
[N, [p]), thereexistsamarkings' € [N, s) suchthats’ > [p]. Since(N, [p]) is boundedjt follows from
Property5.17 (Characterizatiorof boundednesshats’ = [p]. Hence,Definition 5.25 (Home marking)
yieldsthat[ p] is ahomemarkingof (N, [p]). O

The following corollary generalized emma?7.7 to an arbitrary numberof tokensin placep. Considering
inheritancerule PP, this resultis neededecausehe original life cycle Ng mayput morethanonetokenin
placep.

Corollary 7.8.LetN = (P, T, F, £) bea connectedlabeled free-choiceP/T net. If p € P is aplacesuch
that(N, [p]) is live andboundedthen,for all positive naturalnumberan € IN, [p"] is a homemarkingof
(N, [p"D.

Proof. Property5.54(Monotonicity of homemarkings)andLemma7.7. O

Lemma7.7andCorollary7.8shav thatany numberof tokensputinto placep by life cycle Ny in inheritance
rule PP canbe returnedwhen consumedoy N, provided that no external effects disturb the processof

returningtokensto p. Property5.54 (Monotonicity of home markings)implies that this processis not

disturbedwhen firing a transitionof Ny addsa tokento p. This raisesthe questionwhat happensf a
transitionof No remaesatokenfrom p. Lemma7.10givenbelon shavs thattheremoval of atokenfrom

p doesnotinfluencethe processeither The following lemmais anauxiliary resultneededn the proof of

Lemma7.10.

Lemma7.9.LetN = (P, T, F, £) bea connected|abeled,free-choiceP/T net. Assumethatp € P isa
placesuchthat (N, [p]) is live andbounded.Lets € B(P) be anarbitrarymarkingof N andn € IN a
positive naturalnumber If (N, s) is live and,for every S-componentPy, To, Fo, £0) 0f N, s(Py) = n, then
[p"] € [N, s). Thatis, if (N, s) is live ands marksevery S-componenbf N with n tokens,thenmarking
[p"] is reachabldromss.

Proof. If N containsno transitions,it easilyfollows from the connectednes®quirementhat P contains
only placep. As aresult,thelemmais trivially satisfied.ThereforeassumehatT is notempty The proof
is by inductiononn.

Basecase Assumethatn = 1. As aconsequencd, mustbeshavn that[ p] € [N, s) undertheassumption
thats is amarkingsuchthat (N, s) is live andevery S-componenbf N is marked with exactly one
token.

It followsfrom Propertys.22andLemma?.4thatthereexistsamarkings’ € [N, s) suchthats’ > [p].
It follows from the assumptiorthat s marksevery S-componenof N with onetoken and Property
5.32thatalsos’ marksevery S-componenbdf N with onetoken. It follows from thefactthat (N, [ p])
is live andProperty5.34that[ p] marksevery S-componenbf N with onetoken. Consequentlyfor
every S-componentPy, To, Fo, £0) of N, placep is anelementof P,. Recallthat Theoremb5.49(S-
coverability)impliesthatevery placeof N is containedn thesetof placesof atleastoneS-component.
Sinces’ marksevery S-componenbf N with exactly onetokenandsinces’ > [p], it follows that
s’ =[p], which completeghe proof.

Inductie step The induction hypothesisstatesthat, for somenaturalnumbern > 1 andary marking
s € B(P) suchthat(N, s) is live ands marksevery S-componentf N with n tokens,[p"] € [N, s).
Assumethats € B(P) isamarkingsuchthat (N, s) is live andsuchthats marksevery S-component
of N with n 4 1 tokens.It mustbeshawvn that[p"*1] € [N, s).
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Property5.22 andLemma7.4 shav thatthereexistsa markings' € [N, s) suchthats > [p]. It
follows from the assumptiorand Property5.32 that s’ marksevery S-componentf N with n 4+ 1
tokens.In thebasecasejt hasbeenshavn that[ p] marksevery S-componenodf N with exactly one
token. Sinces’ > [ p], markings' —[ p] marksevery S-componentf N with n tokens.It followsfrom
thefactthat(N, [p]) is connectedlive,andboundedwvith T # @ andProperty5.47that(N, s’ —[p])
is live. Theinductionhypothesisyieldsthat[p"] € [N, s — [p]). Property5.15(Monotonicity of
reachablanarkings)yieldsthat[p"*1] € [N, s'). Sinces e [N, s), it follows that[ p"*'] € [N, s),

which completeghe proof.
O

Lemma 7.10.Let N = (P, T, F, £) be a connected|abeled,free-choiceP/T net. Assumethatp € P is
aplacesuchthat(N, [p]) is live andbounded.Lets € B(P) beanarbitrarymarkingof N andn € IN a
positive naturalnumber If [ p"] is ahomemarkingof (N, [ p] &¥'s), then[ p"~] is ahomemarkingof (N, s),
where[ p°] correspondso the emptybagO.

Proof. If T = @, thelemmais trivially true. Thereforeassumel # @. Two casesnustbedistinguished.

i)

i)

First,letn = 1. Assumethat[ p] is ahomemarkingof (N, [ p] Ws). It mustbeshavn thatOisahome
markingof (N, s). Lemma7.6impliesthatit is necessarandsuficientto prove thats = 0.

It follows from the assumptiorand Definition 5.25 (Homemarking)that[p] € [N, [p] ¥ s). Since
Property5.54(Monotonicityof homemarkings)andLemma7.7imply that[ p] W s isahomemarking
of (N, [p] W s), it followsthat[p] Ws € [N, [p]). However, accordingto Property5.17 (Characteri-
zationof boundednessjhis contradictehe boundednessf (N, [p]) unlesss = 0, which completes
this partof the proof.

Secondletn > 1. Assumethat[ p"] is ahomemarkingof (N, [p] ¥ s). It mustbeshavn that[ p"]
is ahomemarkingof (N, s). Theaimis to useTheoremb.52(Home-markingheorem).This means
thatit mustbe shavn thata) (N, s) is bounded)) (N, s) is live,c) [p"] € [N, s), andd) [p"!]
marksevery propertrapof N.
Requiremeng) follows simply from thefactthat (N, [ p]) is live andboundedandProperty5.51.
Requiremenb) is provenasfollows. Since(N, [p]) is connectedlive, andboundedwith T # ¢, it
follows from Property5.47 that[ p] marksevery S-componenof N with onetoken. Consequently
[ p"] marksevery S-componentf N with n tokens. It follows from theassumptiorthat[ p"] isahome
markingof (N, [p] & s) andProperty5.32that[p] & s marksevery S-componenbf N alsowith n
tokens.Hence s marksevery S-componentvith n — 1 tokens.Sincen > 1, Property5.47yieldsthat
(N, s) islive.
Requirement) follows from Requiremenb), the obseration madein the proof of Requiremenb)
thats marksevery S-componendf N with n — 1 tokens,andLemma7.9.
Requirementl) is proven by meansof Theorem5.52 (Home-markingtheorem)andLemma?.7. It
follows from thesetwo resultsandthefactthat (N, [p]) is connectedlive, andboundedwith T # @
that[ p] marksevery propertrapof N. Hence sincen > 1, [p" '] alsomarksevery propertrapof N.
CombiningRequirements) throughd), the Home-markingtheoremyields that [ p"~!] is a home
markingof (N, s).

O

Let usreturnto inheritancerule PP onemoretime. The resultsgiven so far shav that, underall circum-
stancesit is possibleto returnall tokensin placesof N to placep. Eventheremoval of atokenfrom placep

doesnotdisturbthis property asshavn by Lemma7.10above. Thisresultsuggestshatit mustbe possible
to returntokensto p without consumingary tokensfrom p in the processLemma7.11shavs thatthisis

indeedpossible.
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Recallfrom Section5.3thata sequencef lengthn, for somenaturalnumbern, over somealphabebf
identifiersAis afunctionfrom {0, ..., n—1} to A. An elementa € Ais saidto beanelemenbf asequence
o over A of lengthn, denoteda € o, if andonlyif a = o (i) for some0 < i < n. Theconcatenationf two
sequences ando’ over A of lengthn andm, respectiely, denoteds¢’, is the sequenc®f lengthn + m
definedasfollows: forO<i < n,co’(i) =o(i)and,forn<i <n+m,oo'(i) =o'(i —n).

Lemma7.11.LetN = (P, T, F, £) be a connected|abeled,free-choiceP/T net. Assumethatp € P is
aplacesuchthat (N, [p]) is live andbounded.Lets € B(P) beanarbitrarymarkingof N andn < IN an
arbitrarynaturalnumber If [ p"] is ahomemarkingof (N, s), thenthereexists a firing sequence € T*
suchthat(N, s) [¢') (N, [p"]) and,forallt € op,t € .

Proof. Thelemmais trivial if N containsno transitions.Thereforeassumehat T is notempty The proof
is by inductiononn.

Basecase Assumethatn = 0. It mustbe shavn thatthereexists a firing sequencer € T* suchthat
(N,s)[o) (N, 0) and,forallt € op,t € o, undertheassumptiorthatO is ahomemarkingof (N, s).
Lemma7.6yieldsthats = 0. Clearly the emptysequence satisfieghe requirementscompleting
the proof of the basecase.

Inductive step Theinductionhypothesisstateghatfor somen > 0 andary markings € B(P) suchthat
[p"] is ahomemarkingof (N, s), thereexistsafiring sequence € T* suchthat(N, s)[¢) (N, [p"])
and,forallt € op,t ¢ o. Assumehats € B(P) isamarkingof N suchthat[ p"+1] isahomemarking
of (N, s). It mustbeshavn thatthereexistsafiring sequence e T* suchthat(N, s)[o) (N, [p"*1])
and,forallt e op,t € 0.

It follows from thefactthat (N, [p]) is connectedlive, andboundedwith T # ¢ andProperty5.47
that[p] marksevery S-componenbf N with exactly onetoken. As aresult,[ p"+1] marksevery S-
componenbf N with n + 1 tokens.Property5.32andthe assumptiorthat[ p"+1] is ahomemarking
of (N, s) imply thatalsos marksevery S-componentvith n + 1 tokens. Thus,Property5.47yields
that (N, s) is live. Consequentlyit follows from Property5.22 and Lemma7.4 that thereexist a
reachablanarkings € [N, s), andthusafiring sequence € T* suchthat(N, s) [¢) (N, §'), such
thats’ > [p]. Clearly o canbechosensuchthat,for allt € op, t € o. Sinces € [N,s) and
[p"*1] is ahomemarkingof (N, s), it follows from Definition 5.25 (Home marking)that [ p"*+1] is
alsoa homemarkingof (N, s). Sinces > [p], Lemma7.10yields that[p"] is a homemarking
of (N,s — [p]). Thus,it follows from the inductionhypothesighat thereexists a firing sequence
o’ € T*suchthat(N,s' —[p]D [¢’) (N, [p"]) and,forallt € op, t & o’. Property5.15(Monotonicity
of reachablanarkings)yieldsthat(N, s') [¢’) (N, [p"*!]). Concatenatindjring sequences ando’,
yields the desiredfiring sequenceThatis, (N, s) [co’) (N, [p"]) and,for allt € op,t & oo,

which completeghe proof.
O

7.3 Inheritance rule PJ

The secondnheritancerule of this section,PJ, builds uponthe resultsgivenin the previous subsectionlt
is inspiredby the algebraicaxiomsof inheritancePJ1 andPJ2 givenin Property4.27. Theorem7.13given
below formalizesinheritancerule PJ. Figure7.12illustratestherule. It shawvs thatrule PJ corresponds$o
a sequentiatomposition.New behaior may be insertedbetweensequentiapartsof a life cycle, yielding
a subclasainderprojectioninheritance.ln contrastto inheritancerule PP of Theorem?.3,the original life
cycle is modified. Basically inheritancerule PJ saysthatit is allowedto replaceanarcin the original life
cycle by anentire P/T net. The original life cycle No containsa place p which hasa transitiont, asone
of its input transitions. The modificationof Ny is basedupona free-choiceP/T net N sharingplacep and

53



transitiont, with No. Placep is the only input placeof t, in N. Theresultof the inheritancerule is the
P/T net N; obtainedby taking the unionof Ny and N afterremoving boththe arc betweent, and p from
No andthe arc betweenp andt, from N. Therequirementhat (N, [p]) is live andboundedguarantees
that N; alwayshasthe optionto move every tokenthattransitiont, would normally have putinto placep
to placep by only firing transitionsof N. Therequirementhatall transitionsof N otherthant, arelabeled
with methodidentifiersnot appearingn the alphabef Ny guaranteethathiding thesemethodsdoesnot
influencethevisible behaior of theoriginal life cycle.

As alreadymentioned,inheritancerule PP is a specialcaseof rule PJ. Similar to rule PP, the only
compromisewith respecto the generalityof PJ is therequirementhatN is free-choice Therequirements
of inheritancerule PJ canbe verifiedwith the sameefficiengy astherequirement®f PP.

PJ

Figure7.12: A projection-inheritace rule.

Theorem 7.13.(Projection-inheritance rule PJ) Let Ng = (Pq, To, Fo, £o) beanobjectlife cyclein O. If
N = (P, T, F, ¢) is a connectedM-labeled,free-choiceP/T netwith placep € P andtransitiont, € T
suchthat

) PoNP={p}, ToNT = {tp}, (tp. p) € Fo, inty = {p}, @andp = 0= on p = {tp},
i) (Vt:teT\To: L) & a(Np),
iii) (N, [p)]) isliveandboundedand
iv) N1 = (Po, To, Fo\{(tp, P)}, £0) U (P, T, F\{(p, tp)}, £) is well defined,
thenN, is anobjectlife cyclein O suchthatN; <p; No.

Proof. The proof consistsof two parts. In the first part, a branchingbisimulationis given shawving that
(No, [i]) and(Ngy, [i]) satisfytherequiremenbf Definition 6.13ii) (Projectioninheritance).ln the second
part,the branchingbisimulationis usedto prove that N, is anobjectlife cycle.

In thefirst partof theproof,it mustbeshavn thatthereexistsan| C E, suchthatz, (Ny, [i])~p(No, [i]).
Let | bedefinedastheseta(Ny, [i])\a(Np). (Notethat,at this point, it hasnot yet beenshavn that N, is
anobjectlife cycle, which meanshatwe cannotomit the initial markingfrom the expressionx (N, [i]).)
Let R betherelation{(z; (N1, u), (No, v)) | U € [Ny, [i]) Av € [No, [i]) AuT(Po\{p}) = v [ (Po\{p}h A
v [ {p} isahomemarkingof (N, u [ P)}. Theremainderof this partof the proofis devotedto shaving that
‘R is abranchingbisimulationbetweenr; (N1, [i]) and(No, [i]), asdefinedin Definition 2.8. Notethatthe
abstractioroperatorr; doesnot affect the setof markingsreachabldrom (Ng, [i]). Any firing sequence,
asdefinedin Definition 5.12,enabledn (Ny, [i]) is alsoenabledn 7, (Ny, [i]). Thus,the setsof reachable
markingsof (Ny, [i]) andt, (Ng, [i]) areidentical.
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First,it mustbeshawvn thatz; (N, [i))R(No, [i]). SinceNy is anobjectlife cycleandsince(ty, p) € Fo,
it follows from Requirementi) (Objectcreation)of Definition 6.2 (Objectlife cycle)thatp # i. Therefore,
it sufficesto shaw that0 is ahomemarkingof (N, 0), which follows immediatelyfrom Lemma7.6.

Secondjt mustbe shavn thatrelationR is a branchingbisimulation. Assumethatu € [N, [i]) and
v € [Np, [i]) aremarkingssuchthatz| (N1, u)R(No, v), whichimpliesthatu [ (Po\{p}) = v [ (Po\{p}) and
v [ {p} isahomemarkingof (N, u [ P).

i) Assumehatt € ToUT isatransitionof N; suchthatr) (N1, u)[t) andsuchthatz; (N1, u)[a) ) (N1, U")
wherex is equalto the methodidentifier (£o U £)(t) andwheremarkingu’ € [Ny, [i]) is equalto
u —int Wont. Thatis, we assumehat 7, (N1, u) firestransitiont. Requirement) of Definition
2.8 statesthat it mustbe shavn that there exist two markingsv’, v’/ € B(Pg) of Ny suchthat a)
(Ng, v) = (No, v") [(@)) (N, v"), b) 7; (N1, UR(No, v”), andc) 7, (N, U)R(Ng, v'). Two cases
mustbedistinguished.

First,assumehatt € T\To. Thatis, t is atransitionof N differentfromt,. It follows from Require-
mentii) of Theorem7.13andDefinition 6.11(Abstraction}thatae = . Letv” = v’ = v.
Requiremena) follows easilyfrom thefactthata = t.

Requiremenb) follows immediatelyfrom theassumptiorthatz, (N1, UYR (N, v).

To prove Requirement), it mustbe shavn that z; (Ng, U)R(Ng, v). By assumptiony’ € [N, [i])
andv € [No,[i]). Sincet € T\To, Requirement) of Theorem7.13impliesthatu’ [ (Po\{p}) =
ul(Po\{p}). Sinceu(Po\{p}) = v[(Po\{p}), it followsthatu' [(Po\{p}) = v[(Po\{p}). It remains
to beshavn thatv [ {p} isahomemarkingof (N, u’' [ P). Thefactthatt (Ng, u) [t) 7; (N, u’) with
t € T\Toimpliesthat(N, u[P)[t) (N, U’ [ P). Thus,thedesiredresultfollows easilyfrom Definition
5.25(Homemarking)andthe obserationthatv | { p} isahomemarkingof (N, u [ P).
Secondassumehatt € Tp. Thatis, t is atransitionof Ng. It canbe showvn that,in this case,(Ng, v)
canmimic thebehaior of 7, (N1, u) by alsofiring transitiont. Letv” = v andv’ = v — iy,t & Oy, t.
To prove Requiremeni) introducedabore, it is neededthat u(p) < wv(p). Thatis, marking v
marksplace p with at leastas mary tokensasu. This propertyis proven asfollows. SinceT #
@ and (N, [p]) is connectedfree-choice live, and bounded,Property5.34 implies that [ p] marks
every S-componenbf N. Clearly this meanghatplacep is containedn every S-componenbf N.
Consequentlyv [ {p} marksevery S-componendbf N with v(p) tokens. Sincev [ {p} is a home
markingof (N, u [ P), Property5.32provesthatu(p) < v(p). Sincer; (N, u)[t), o = (£g U £)(t),
71 (N1, U) [er) 7 (Ng, W), u T (Po\{p}) = v [ (Po\{p}), u(p) < v(p), andt € Ty, it follows that
(No, v)[t) and (No, v) [e) (No, v —in,t W On,t). At this point, Requirement) easilyfollows from
thefactthatv” = v andv’ = v — iyt W Oy, t.

Requiremenb) follows immediatelyfrom theassumptionghatz; (N1, W R (Ng, v) andthatv” = v.
Finally, Requirement) is proven asfollows. The assumptiongnd Requirement) yield thatu’ €
[Ny, [i]) andv’ € [No, [i]). It followsfrom thefactthatu[(Po\{p}) = v[(P\{p}), andthedefinitions
of U andv’ thatu’ [ (Po\{p}) = v’ [ (Po\{p}). It remaingto beshawvn thatv’ [ {p} is ahomemarking
of (N, U’ [ P). Recallthatthemarkingsu andv satisfythepropertythatv [ { p} is ahomemarkingof
(N, u [ P). Five casexanbedistinguishedIn this caseanalysis Requirements) andiv) of Theorem
7.13 are usedto determineexpressiondor v’ [ {p} andu’ [ P. Recallthatu’ = u — iyt W oy, t,
v = v — Nt WOpt, andt € To. First,if p & iyt Uont orif p e iyt Moyt andt # t,, then
vV I{p} = v[{p}andu [P = u [ P. Hence,the desiredresultsimply follows from the above
property Secondassumehat p € in,t N oyt andt = ty. It followsthat p € iyt N onyt. Hence,
v'[{p} = v[{p}. It followsfrom theassumptionshatp € iy,t andt = t, andthefactthatiyt, = {p}
thatiy,t [ P = {p}. Sincep € o\t, it follows that p € ont. Sinceint, = {p} and (N, [p]) is
bounded Property5.17 (Characterizatiorof boundednessyields thatont, = {p}. Consequently
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i)

on,t [P = {p}. Thus,u’' [ P = u [ P. Asin the previous casethe desiredresultsimply follows
from the aborementionegropertythatv | {p} is ahomemarkingof (N, u [ P). Third, assumehat
p € int\On, t @andt # tp. It follows from p € iy, t andt € To thatp € iy, t. It follows from p & oy, t
andt # tp thatp ¢ onyt. Hence' [{p} = v [{p} —[p] andu’ [P = u [P —[p]. As aresult,the
desiredresultfollows from the above propertyandLemma7.10. Fourth,assumehat p € iy, t\On,t
andt = tp. It follows from p € int andint, = {p} thatin,t [ P = {p} = int. It follows from
the requirementof Theorem7.13thatoy,t, [ P = ontp. Hence,u' [P = u [ P — iyt woyt. It
follows from p € iy, t thatp € inyt. It followsfromt = t, thatp € onyt. Hencep' [ {p} = v [ {p}.
Since,by assumptiong; (N1, u)[t) and p € iy,t, it follows from the factthatiyt = {p} thatalso
(N, u [ P)[t). Consequentlyu’ [ P € [N, u[P). Thus,Definition 5.25 (Home marking), the fact
thatv' [ {p} = v [ {p}, andthe assumptiorthatv | {p} is ahomemarkingof (N, u [ P) yield that
v [ {p} is ahomemarkingof (N, u’ [ P). Finally, if p € oy,t\in,t, thenalsop € oy, t\in,t. Thus,
vV I{pl=v[{pl¥W[p]andu [P = u[ P W][p]. It follows from theassumptiorthatv [ {p} is a
homemarkingof (N,u [ P) andLemma7.6thatv [ {p} = Oif andonlyif u[ P = 0. Hence,if
v [{p} = ul P = 0, thenthedesiredresultfollows from thefactthat(N, [p]) is live andboundedand
Lemma7.7.If v [{p} # Oandu [ P # O, it follows from thefactthat (N, [ p]) is live andProperty
5.46 (Monotonicity of livenessthat (N, v [ {p}) is live. Definitions5.21 (Livenessand5.25(Home
marking)yield that(N, u [ P) is live. Thefactthat (N, [p]) is boundedandProperty5.51yield that
(N, uf P) isalsoboundedHence,in this casethedesiredresultfollows from the propertythatv [ { p}
is ahomemarkingof (N, u [ P) andProperty5.54 (Monotonicity of homemarkings).

Assumethatt € Ty is atransitionof Ny suchthat(Ng, v)[t) andsuchthat (Ng, v) [«) (Ng, v') where
« is equalto the methodidentifier £o(t) andwheremarkingv” € [No, [i]) is equalto v — in,t W Oy, t.
Requirementi) of Definition 2.8 statesthat it must be shavn that there exist markingsu’, u” €
B(PO U P) suchthat a) T| (Nl, U) — T (Nl, U”) [(O[)) T| (Nl, U/), b) T (Nl, U”)R(No, l)), and C)
71 (N1, U)R(No, v').

Letu” = v andu’ = v — iy, t Wop, t. Thischoicefor u” andu’ is inspiredby thefactthatit is possible
to reachmarkingv from u by firing asmary transitionsof N asnecessarySincemarkingv enables
transitiont, it is straightforvard to prove thedesiredrequirements.

Requiremens) is proven asfollows. The assumptiorthatv [ {p} is a homemarkingof (N, u [ P),
Requirement$) andiii) of Theorem7.13,andLemma7.11yield thatthereexists a firing sequence
o e (T\{tp)* suchthat(N, u[P)[o) (N, v[{p}). Theassumptiorthatu[(Po\{p}) = v[(Po\{p}) and
Requiremeniv) of Theorem7.13imply thatz, (N1, u) [o) (Ng, v). Definition 6.11(Abstraction) the
definitionof 1, andRequirementi) of Theorem7.13yield thatt; (N1, u) = 7, (N1, v). It remains
to beshavn thatz) (Ng, v) [@) 7; (N, U"). This resulteasilyfollows from the obserationthat, for all
t € To, in,t = ingt, thefactsthat (N, v)[t) and{o(t) = «, thedefinitionsof u” andl, andDefinition
5.7 (Firing rule), thuscompletingthe proof of Requiremeng).

To prove Requiremenb), it mustbe shavn that 7) (N1, v)R(Np, v). By assumptionp € [No, [i]).
Since,alsoby assumptionu € [Ny, [i])}, Requirement) shavs thatv € [Ny, [i]). Clearly also
v [(Po\{p}) = v [(Po\{p}). Thus,sincev [ P = v [ {p}, Requiremenb) follows from Corollary7.8
andLemma7.6i).

To prove Requirement), two casesnustbedistinguishedFirst,assumehatt # t,. It follows from
therequirement®f Theorem7.13thatiy,t = in,t andoy,t = on,t. Thus,Requirement) simplifies
to 7; (N1, v)R(Np, v), which is provenin a similar way as Requiremenb). Secondassumehat
t = t,. It follows from the assumptionsndthe proof of Requirementg) thatv’ € [No, [i]) and
u" € [Ny, [i]). It follows from the requirementof Theorem7.13 thatiy,t = in,t andoyt =
onot\{p} U ont. Thedefinitionsof v" andu’ yield thatu’ [ (Po\{p}) = v' [ (Po\{p}). It remainsto
beshavn thatv' [ {p} is ahomemarkingof (N, U’ [ P). Againtwo caseseedto bedistinguishedIf
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p € int, thefactthatt = t, andRequirement) of Theorem7.13yield thatv’ [ {p} = v [{p}. Since
t =tp, int = ingt, Ongt = Onpt\{ P} UONE, andint, = {p}, it followsthatu' [P = (v — iyt Wop,t)
P=v[{p}—[plwont = v [{p}—intWont. Sincep € iyt and(Np, v)[t), it followsthatv > [p].
Thus,Definition 5.7 (Firing rule) yieldsthat (N, v [ {p}) [£(1)) (N, U’ [ P); in addition,Corollary 7.8
yieldsthatv [ { p} isahomemarkingof (N, v [ {p}). It follows from Definition 5.25(Homemarking)
andthefactsthatv’ [{p} = v[{p} andthat(N, v [{p}) [£(1)) (N, U’ [ P) thatv’ [{p} isahomemarking
of (N, U’ [ P), which completesheproofin thiscaself p ¢ in,t, thenv' [{p} = v [{p} w[p]. Since
in,t = int @andon,t = ont\{p} U ont, it follows thatu’ [ P = v [ {p} W ont. Corollary 7.8 yields
thatv [ {p} W [p] isahomemarkingof (N, v [{p} w[p]). It follows from Definition 5.7 (Firing rule)
that(N, v T{p}W[pD [£(1)) (N, U [ P). Definition5.25(Homemarking)yieldsthatv’ [ { p} is ahome
markingof (N, u’ [ P), which completeghe proofalsoin this case.

iii) Requirementii) of Definition 2.8 (Branchingbisimilarity) stateghatthe following two implications
mustbeshavn:| 7; (Nz, u) = | (Np, v) and} (Ng, v) = 71 (Ng, u).
First,assumdhat | 7, (N, u). It follows from Definition 6.1 (Semanticof M-labeledP/T nets)that
u=[o]. If p#o,thenul(Py\{p})) =[0] andu[P = 0. Sincet| (N1, UR(Ng, v), it follows from
thedefinitionof R thatv [ (Py\{p}) = [0] andthatv [ {p} is ahomemarkingof (N, 0). Lemma7.6
yieldsthatv [ {p} = 0. Hence = [0]. Clearly Definition 6.1yieldsthat | (No, v). It follows from
Definition2.7 ({} ) that{(Ng, v). If p =0, thenu [ (Ps\{0}) = v [ (Py\{0}) = 0 andv [ {0} isahome
markingof (N, [0]). Since(N, [0]) is liveandbounded|.emma7.7 shavsthat[o] isahomemarking
of (N, [0]). Lemma7.6ii) impliesthatv | {0} cannotbethe emptybag. Furthermoreit follows from
Property5.17 (Characterizatiof boundednesdhatv [ {0} # [0]. Combiningtheseresultsimplies
thatv [ {0} = [0]. Thus,we mayconcludethatv = v [ (Py\{0}) W v [ {0} = [0], which by Definitions
6.1and2.7 completeghe proof of thefirstimplication.
Secondassumehat | (Ng, v). It follows from Definition 6.1 (Semanticof M-labeledP/T nets)that
v =[0]. If p # o, thenit follows from thedefinitionof R thatu [ (Py\{p}) = [0] andthatOisahome
markingof (N, u [ P). Lemma7.6yieldsthatu [ P = 0. As aresult,u = [0]. Hence,| 1| (Ng, u),
whichimpliesthat]} 7; (N1, u). If p = o, thenu[(P,\{0}) = 0and[o] isahomemarkingof (N, ufP).
Lemma7.11 andRequirementi) of Theorem7.13imply that z; (N, u) = 7, (Ny, [0]). Hence,
Definition 2.7 yieldsthat |} 7, (N1, u). Thislastresultprovesthe secondmplication,completingthe
proofthatR satisfiesRequiremeniii ) of Definition 2.8.

At this point, it hasbeenshawvn thatrelation’R asdefinedabove is a branchingbisimulation. As a result,
N, is asubclasof Ny underprojectioninheritance providedthat N, is alife cycle. The secondoartof the
proofis devotedto this lastrequirement.

Net N, satisfiesRequirement) (Connectednes®)f Definition 6.2 (Objectlife cycle), becausdoth N
and Ny are connected.The latter follows from the fact that Ny is an objectlife cycle. The fact that Ny
satisfiesRequirementi) (Objectcreation)of Definition 6.2 follows from the obserationthat (t,, p) € Fo,
which by the factthat Ny is an objectlife cycle impliesthat p # i. Requirementii) (Objecttermination)
follows from the requirementn Theorem7.13that p = o impliesthatoy p = {ty}. Theremainderof the
proof shawvs that N; alsosatisfiesRequirementsv), v), andvi) of Definition 6.2. It usesthe factthatthe
relationR of thefirst partof the proof is a branchingbisimulationbetweent; (N1, [i]) and(No, [i]), with
| = a(Ny, [iD\er(No).

Requirementv) (Propertermination)meansthat the following mustbe shavn: For every reachable
markings € [Ny, [i]), 0 € simpliess = [0]. Letu € [Ny, [i]) beareachablenarkingof (Ny, [i]) such
thato € u. SinceR is abranchingbisimulationbetweent, (Ny, [i]) and(Ng, [i]), Lemma6.17impliesthat
thereexistsamarkingv € [N, [i]) suchthatz (N, U)R(No, v). Consequentiyu [ (Po\{p}) = v[(Po\{p})
andv [ {p} isahomemarkingof (N, u [ P). Assumethat p # 0. Sinceo € u ando € Py\{p}, thismeans
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thato € v. It follows from thefactthat Ny is anobjectlife cycle andRequiremeniv) (Propertermination)
of Definition 6.2 (Objectlife cycle)thatv = [0]. Thisyieldsthatu [ (Po\{p}) = [0]. Anotherconsequence
of thefactthatv = [0] is thatv [ {p} = 0, which meanghatO is ahomemarkingof (N, u [ P). Lemma7.6
yieldsthatu [ P = 0. Sinceu [ (Po\{p}) = [0], u =u [ (P\{pH) Wu [P = [0] w0 = [0], which proves
that N, satisfiesRequiremeniv) (Propertermination)of Definition 6.2in this case.Assumethat p = o. It
followsthatv [ {0} is ahomemarkingof (N, u [ P) and,sinceo € u, u| P > [0]. Since(N, [0]) isliveand
boundedL.emma?.6ii) impliesthatv [ {0} # 0; Requiremeniv) (Propertermination)of Definition6.2and
thefactthat Ny is anobjectlife cycle with v € [No, [i]) impliesthatv # [0]. Thus,v [ {0} = v = [0]. This
resulthastwo consequences:irst, u [ (Po\{0}) = v [ (Py\{o}) = 0. Secondu [ P = [0]. Thelatterfollows
from the following obsenrations. By assumption(N, [0]) is free-choice,connected]ive, and bounded.
Property5.34impliesthat[o] marksevery S-componenbf N with onetoken and,thus,thatplaceo is an
elementof every S-componenbf N. It follows from thefactthat[o] is ahomemarkingof (N,u [ P) and
Property5.32thatu [ P marksevery S-componenof N alsowith asingletoken. Recallthat Theorem5.49
(S-coverability) impliesthatevery placeof N is containedn the setof placesof atleastone S-component.
Sinceu [ P and[o] both mark every S-componenbdf N with exactly onetokenandsinceu [ P > [0], it
follows thatu [ P = [0], which is the desiredresult. Summarizingthe resultsobtainedso far yields that
u=ul(P\{fohwulP =0uW][0o] =][o], whichprovesthat N, satisfiesRequirementv) of Definition 6.2
alsoin this case.

To prove that N; satisfiesRequiremeny) (Terminationoption)of Definition 6.2, it mustbe shavn that,
for every reachablemarkings € [Ny, [i]), [0] € [Ny, s). Letu € [Ny, [i]) be areachablemarking of
(Ny, [i]). As before,usingthe factthat R is a branchingbisimulationbetweenz, (N4, [i]) and (Ng, [i]),
Lemma6.17 yieldsthatthereexistsa markingv € [No, [i]) suchthatz; (N1, UyR(Np, v). Consequently
ul(Po\{p}) = v[(Po\{p}) andv [{p} isahomemarkingof (N, u[ P). Since(N, [p]) is liveandbounded,
Lemma7.11andRequirement) of Theorem7.13yield thatthereexists a firing sequencer € (T\{ty})*
suchthat(N, ufP)[o) (N, v[{p}). It followsfrom Requirement$) andiv) of Theoreni7.13that(N, u)[o)
(N1, v). It remainsto be shavn that[o] canbereachedrom markingwv. It follows from thefactthat Ny is
anobjectlife cycle, thefactthatv € [Np, [i]), andRequirement) (Terminationoption) of Definition 6.2
(Objectlife cycle) that[o] € [No, v). Letog € To* beafiring sequenceuchthat (Ng, v) [og) (No, [0]).
It is possibleto transformoyg into a firing sequencey € (To U T)* suchthat (Ng, v) [6o) (Ng, [0]). This
transformationis inductiely definedasfollows. If t, ¢ o9, thency = oo. Clearly, this firing sequence
satisfiegherequirementlif t, € oo, thenassumehatoy is of theform o1tpo, With ty, & o1. Let v’ € B(Py)
be the markingof Ng suchthat (No, v) [o1tp) (No, v') [02) (No, [0]). It follows from the requirementf
Theorem7.13that (N1, v) [o1tp) (N1, v" — [p] W ontp). Notethaty” > [p]. Corollary 7.8 implies that
v’ [{p} isahomemarkingof (N, v’ [{p}). Sinceint, = {p}, it follows from Definition 5.7 (Firing rule) that
(N, v I{pH[L®)) (N, v'[{p}—[ p]ontp). Definition5.25(Homemarking)impliesthatv’({ p} is alsoahome
markingof (N, v" [{p} — [p] W ontp). Lemma7.11yieldsthatthereexistsafiring sequences € (T\{tp})*
suchthat(N, v' [{p} —[p] ¥ ontp) [03) (N, ' [{p}). Consequentlyalso(Ny, v' —[p] W ontp) [o3) (N1, v').
Thus, (N1, v) [o1tpos) (N1, v'). Choosingoy = o1tpo30, it follows that (Ny, v) [oo) (N1, [0]). Since
(N1, u) [o) (Ng, v), it follows that (Ng, u) [ooo) (Ng, [0]), proving that[o] € [Nz, u). Thus, (Ny, [i])
satisfieRequirement) (Terminationoption)of Definition 6.2.

It remainsto prove Requiremenvi) of Definition 6.2 sayingthat (Ny, [i]) containsno deadtransitions,
asdefinedin Definition5.20.SinceN; is definedastheunionof Ng andN, thesetof transitionsof N; is the
setTo U T. Thegoalis to constructfor every transitionof Ny, afiring sequencdeadingto a markingthat
enableghattransition.First,lett beatransitionin Tp. It follows from thefactthat Ny is anobjectlife cycle
that (N, [i]) hasno deadtransitions. Consequentlythereexist a firing sequencer € Ty* anda marking
s € B(Py) suchthat(Ng, [i]) [o) (Ng, s) and(Ng, s)[t). Let o bethefiring sequencén (To U T)* thatis the
resultof transformingr accordingo thetransformationintroducedn the previous partof the proof. Recall
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that,for all t € To, in,t = ingt. It follows that (Ny, [i]) [6) (N1, s) and(Ny, S)[t). Thus,t is notdeadin
(N, [i]). Secondlett beatransitionin T\ {t,}. Since(No, [i]) doesnot containary deadtransitionsthere
existsafiring sequence € (To\{tp}))* andamarkings e B(Py) suchthat(No, [i]) [ot,) (No, ). Notethat
s > [p]. It follows from therequirement®f Theorem7.13that(Ny, [i]) [otp) (N1, s — [p] W ontp). Since
(N, [p]) islive,it follows from Definitions5.21(Livenesspand5.7 (Firing rule) andthefactthatiyt, = {p}
thatalso(N, ontp) is live. As aresultof Property5.22,transitiont is notdeadin (N, ontp). It follows that
thereis afiring sequencey € T* andamarkings’ € B(P) suchthat(N, oxtp) [o0) (N, 8) and(N, s)[t).
Sequencey canbe chosensuchthatt, ¢ oo. To prove this claim, assumehatoy = o1tpo, With ty & oo.
Lets” € B(P) bethemarkingsuchthat(N, oxtp) [o1tp) (N, 8”) [02) (N, ). It follows from Definition5.7
(Firing rule) thats” > ont,. Since(N, [p]) is boundedit follows from Property5.51thatalso(N, ontp)
is bounded.Thus, Property5.17 (Characterizatiomf boundednessjields thats” = oyt,. Consequently
o, is afiring sequencesatisfyingthe desiredpropertythatt, ¢ o> and(N, ontp) [02) (N, s). Therefore,
assumehatt, ¢ oo. Sinces > [p], it follows that (N1, s — [p] W ontp) [00) (N1, S —[p] WS). Since
(N, s)H[t), it follows that (N1, s — [p] W S)[t). From (N, [i]) [otp) (N1, S — [p] W Ontp), it follows that
(Ng, [i]D [otpoo) (N1, s — [p] & S). As aresult,t is notdeadin (N, [i]). Combiningthe resultsof the
two casegyieldsthat(Ny, [i]) hasno deadtransitionswhich provesRequirementi) of Definition 6.2 and
completeghe proofof Theorem7.13. O
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Figure7.14: A transformatiorbasedoninheritancerule PJ.

Example 7.15.ConsideragainExample6.15. TherelationshipbetweenN, andN; canbeprovenby means
of inheritancerule PJ givenin Theorem7.13. The transformationis illustratedin Figure7.14. Thearcin
P/T netN; betweertransitiont,, andits outputplacep is replacedy netN minusthedashedrcbetweenp
andt,. Theresultis P/TnetN,. Since(N, [p]) is free-choicelive,andboundedandsincemethodidentifier
cerr doesnotoccurasatransitionlabelin Ny, N, is a subclassinderprojectioninheritanceof Nj.

7.4 Inheritance rule PT

Thethird inheritancerule of this sectionpreseresprotocolinheritancelt is illustratedin Figure7.16. The
inheritancerule is inspiredby Axiom PT which is the algebraicaxiom of inheritancedefinedin Property
4.24.Inheritancerule PT canbeusedto extenda givenlife cycle with alternatve branche®f behaior. Let
No beanobjectlife cycle. Theextensionof Ny is basednafree-choiceP/T netN with aplacep; suchthat
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(N, [pi]D is liveandboundedNets Ny andN sharetwo placesp; and p, andno othernodes.Furthermore,
N containsa transitiony with p, asits only input placeand p; asits only outputplace. The P/T net N,
resultingfrom inheritanceule PT is definedastheunionof Ny andN aftertheremoval of transitiony. Place
pi functionsasthe entry point of the alternatve branchesof behaior addedto Ny, whereasp, functions
asthe exit point. Therequirementhat (N, [p;]) is live andboundedensureghatary tokenthattransitions
in N consumdrom placep; is eventuallyreturnedto p,. Two additionalrequirementguaranteg¢hat N,
is an objectlife cycle. First, it is requiredthat Ny extendedwith a freshtransitionx with input place p;
andoutputplace p, is anobjectlife cycle. Transitionx emulateghe behaior of N in N;. Notethatx is
only introducedto formulatethe requirement®f inheritancerule PT; it is not presentin the original life
cycle N, the extensionN, or the subclassN;. Secondrecallthatinheritancerule PP is a specialcaseof
inheritancerule PT. Rule PT reducedo rule PP whenplacesp; and p, coincide. If placesp; and p, are
different,thenit is assumedhatthe only input transitionof placep; in N is transitiony andthatthe only
outputtransitionof p, in N is y. Thisassumptiorxcludesthe possibilityof iterationsbeginningandending
in placep; or place p,, thusguaranteeinghat the modificationof the original life cycle truly hasplace p;
asits entry pointandplace p, asits exit point. A final requiremenguaranteeghat N; is a subclas®f N
underprotocolinheritance:All transitionsof N with input place p; musthave avisible labelnot appearing
in thealphabebf Ny. Thisrequiremenmeanghattransitionsof N with input placesin Ng actasguardsas
explainedin Sectior4.2. Encapsulatinghe guarddeadsto anetwhosebehaior is identicalto the behaior
of theoriginalllife cycle,thusguaranteeinghat N; is asubclas®f Ng underprotocolinheritance.

The generalityof inheritancerule PT is similar to the generalityof inheritancerulesPP andPJ. How-
ever, notall requirementsf PT canbeverifiedwith thesameefficiengy astherequirementsf thetwo earlier
rules. Therequirementhatthe extensionof Ny with theextratransitionx yieldsalife cycleis, theoretically
hardto verify. However, it is our expectatiorthatthefactthatit is known thatNy is alife cycle alleviatesthe
problemto suchanextentthatit is nota problemin practice.lt is aninterestingtopic for furtherresearcho
find anefficient algorithmto verify this requirementlt might be possibleto replacethe requirementvith a
simplestructurl requirementhatcanbeverifiedefficiently andthatdoesnot compromisehe generalityof
theruletoomuch.

PT

Figure7.16: A protocol-inheritanceule.

Theorem 7.17.(Protocol-inheritancerule PT) Let Ng = (Po, To, Fo, £o0) beanobjectlife cyclein O. Let
N = (P, T, F, £) bea connectedM-labeled free-choiceP/T net. Assumethatx € U is afreshidentifier
notappearingn P, U ToU P U T. If N containsplacesp;, p, € P andatransitiony € T suchthat

i) PhNP={pi, po}, ToNT =4,

i) iny ={Po},ONY ={Pi}, Pi # Po = INPi =OnPo={Y},
i) (Vt:teonp : £(t) € E\a(Ng)),
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iv) (N, [pi]) isliveandbounded,

V) Ni = NoU (P, T\{y}, F\{(Y. p). (Po, )}, E\{(Y, £(Y))}) is well defined,and

vi) N§ = (Po, ToU {x}, Fo U {(pi, X), (X, po)}. £o U {(X, 7)}) is anobjectlife cycle,
thenN is anobjectlife cyclein O suchthatN; <y No.

Proof. The proof consistsof two parts. In the first part, a branchingbisimulationis given shawving that
(No, [i]) and (Ny, [i]) satisfythe requiremenbf Definition 6.13i) (Protocolinheritance).In the second
part,it is proventhat N, is anobijectlife cycle.

It mustbe shavn thatthereexistsan H C E suchthatdy (Ng, [i]) ~p (No, [i]). Property6.20suggests
that H canbechoserequalto a(Ny, [i])\a(Ng). Let R betherelation{(dy (N1, u), (Ng, U)) | u € B(Py)}.
It is straightforvardto prove thatthis relationis abranchingbisimulationbetweerdy (Ny, [i]) and(No, [i]),
asdefinedn Definition2.8. Theessencef theproofis thatplacesof N becomenevermarkedin N; afteren-
capsulatiorof the guardsand,thus,transitionsof N becomenever enabled Clearly oy (N, [iDR(No, [i]).
Assumethatu is a markingin B(Py), which impliesthatdy (N1, uU)R(Ng, u). Threerequirementhave to
be verified.

i) First,assumeéhatt € To U T is atransitionof N; suchthatdy (N, u)[t) andsuchthatay (Ng, u) [«)
dn (Np, U) wherea = (€o U £)(t) andwheremarkingu’ € B(Py U P) is equalto u — iyt & op,t.
Requirement) of Definition 2.8 impliesthatit mustbe shavn thatthereexist two markingsv’, v” €
B(Pg) suchthat (Ng, u) = (Ng, v") [()) (N, v"), 3 (N1, WR(No, v"), anday (N1, U)R(No, v').
It follows from thefactthat(N, [ p;i]) is boundecandPropertys.17 (Characterizationf boundedness)
thateverytransitionin N hasa nonemptypreset.Thus,it follows from thedefinitionof H, Definition
6.10 (Encapsulation)the factthatu is a markingin B(Pp), and Requirementii) of Theorem7.17,
thatt is atransitionin To andthatu’ is a markingin B(Py). Consequently(Ng, U) [£o(t)) (Ng, U")
with £o(t) = «. Hence,assuminghatv” = u andv’ = u’, the proofrequirements satisfied.

i) Secondassumehatt € Ty is a transitionof Ny suchthat (Np, u)[t) andsuchthat (Ng, u) [£o(1))
(No, U") whereu’ e B(P) is equalto u — iyt W onyt. Clearly this meansthat oy (N1, u) [£o(t))
91 (Ng, U"). Thus,alsoRequirementi) of Definition 2.8is satisfied.

iii) Third, Requirementii) of Definition 2.8 statesthat the following two implicationsmustbe shavn:
4 0q(Nz,u) = J (Ng,u) and ] (Ng,u) = | dn(Ng, u). Assume| dy(Ng, u). It follows from
Definition 6.1 (Semanticof M-labeledP/T nets)thatu = [0]. Hence,also | (Np, u). Definition
2.7 (J)) yieldsimmediatelythat || (Ng, u). Thesecondmplicationis provenin the sameway, which
completeghefirst partof the proof.

The secondpart of the proof shavs that N, is an objectlife cycle. It is straightforvard to seethat N,
satisfiesRequirement) of Definition 6.2 (Objectlife cycle). If p; = po, thenRequirementd) andiii) of
Definition 6.2 follow from Requirementi) of Theorem7.17. If p; # po, thesetwo requirementgollow
from Requirement§) andvi) of Theorem7.17.

To prove that N; satisfiesRequirement$s/) andv) of Definition 6.2, we startby shaving thatary firing
sequencef (Ny, [i]) preseresaninvariantgivenbelown. Let T; bethesetof transitions{t € T | in={pi}}
andT, the setof transitions{t € T | on={po}}. Notethatit easilyfollows from thefactthat(N, [pi]) is
live andboundeahatthereareno othertransitionsin T thanthosein T; with p; in their preset;similarly,
no othertransitionsin T thanthosein T, have p, in their postset.For ary firing sequencer € (To U T)*
of (N, [i]), o (Ti) ando (T,) denotethe numberof occurrencesf transitionsin T in ¢ andthe numberof
occurrencesf transitionsin T, in o, respectiely. Forarny o € (To U T)* andmarkings € B(Py U P) such
that(Ng, [i]) [0) (Ny, s), it canbeshawn thato satisfiegheinvariantthat[pg(T)—°T0)] is ahomemarking
of (N, s P\{pi, po}), where[p,°] = 0. (Thereadershouldcorvince him- or herselfthato (T;) — o (T,)
cannotbe negative.) The proofis by inductionon thelengthof o .
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Assumeo = g, which meansthat (Ny, [i]) [0) (N, [i]). It follows thato (Tj) = o(T,) = 0 and
[i1TP\{pi, po} = 0. Lemma7.6impliesthedesiredresult.

Assumethat the desiredpropertyholdsfor ac € (To U T)* andmarkings € B(Py U P) suchthat
(N, [iD[o) (N1, S). Lett € ToUT, 0’ = ot, ands’ = s— iy, t Woy,t. It mustbeshavn that[ pg (T —o"(T)]
is ahomemarkingof (N, s’ [ P\{pi, po}). Threecasesanbedistinguished.

First,assumeahatt ¢ Ty U T, ort € T N T,. It follows thato'(Tj) — o'(To) = o (Ti) — o (Ty). If
t € T\(T; UT,y), thens [ P\{pi, po} = S| P\{pi, po} andthe desiredresultfollows immediatelyfrom
the assumptiorthat [ pg (™ -2(™)] is a homemarking of (N, s [ P\{pi, po}).- If t € T\(T; U T,), then
(N, sTP\{pi, po}) [t) (N, S TP\{pi, po}) andthedesiredresultfollows from theassumptiorandDefinition
5.25(Homemarking).

Secondassumehatt € Ti\T,. It followsthato’(Ti) —o'(To) = o (Tij) —o(Ty) +1,5 = s—[pi] Wont,
ands' [ P\{pi, po} = s P\{pi, po} W ont. It canbe shawn that[pg ™ -2To+1] is a homemarking of
(N, s[P\{pi, po}¥[po]). Obserethat(N, [po]) isliveandbounded!f o (T;) = o (T,), then,by Lemma7.6
andtheassumptiorthat[ pg ("= (T)] is ahomemarkingof (N, s P\{pi, po}), S[ P\{pi, Po} = 0. Lemma
7.7 impliesthat[ p,] is ahomemarkingof (N, [p,]), which provesthat[ pg(™—°(To+1] is a homemarking
of (N, s [ P\{pi, Po} ¥ [Po]) in this case.If o(Ti) > o (T,), then[pg™=2T)] -£ 0 and,by Lemma7.6,
s P\{pi, po} # 0. Thus,it follows from thefactthat (N, [ po]) is live andProperty5.46 (Monotonicity of
livenessjhatalso(N, [pg )= (T)]) islive. Definitions5.21(Livenesspnd5.25(Homemarking)yield that
(N, s[P\{pi, po}) islive. Thefactthat(N, [ po]) is boundedandProperty5.51yield that(N, s P\{pi, po})
is alsobounded.Hence the factthat[ pg ™ ~2 ()] is a homemarkingof (N, s [ P\{pi, po}) andProperty
5.54 (Monotonicity of homemarkings)yield alsoin this casethat [ pg(T) (T +1] is a homemarking of
(N, s [ P\{pi, po} W [po]). Clearly (N,s [ P\{pi, po} ¥ [po]) [Yt) (N,s T P\{pi, po} & ont). Hence,
Definition 5.25(Homemarking)yieldsthat[ pg )= To+1] js ahomemarkingof (N, s[ P\{pi, po} & Ont),
whichis thedesiredresult.

Third, assuméhatt € T,\T;. It followsthate'(Ti) — o'(Ty) = o (Ty) — 0 (Ty) — 1,5 = s—int W[ po],
ands' [ P\{pi, po} = s P\{pi. po} — int. It follows from the assumptiorthat[pg ‘T~ is a home
markingof (N, sT P\{pi, po}) andthefactthat(N, s[ P\{pi, po}) [t) (N, ST P\{pi, po} — int W[po]) that
[pg (T -o(o)] js alsoa homemarkingof (N, s [ P\{pi, po} — int W [po]). Recallthat (N, [p,]) is live and
bounded.t follows from Lemma7.10that[ pg (™)~ (T=1] is a homemarkingof (N, s [ P\{pi, po} — int),
whichis thedesiredresult.

Summarizingit hasbeernshavn thatary o € (ToUT)* andmarkings € B(PyUP) suchthat(Ny, [i])[o)
(Ny, s) satisfytheinvariantthat[pg (™ ~2(T)] is a homemarkingof (N, s [ P\{pi, po}). Assumethato €
(To U T)* andmarkings € B(Py U P) aresuchthat(Ny, [i]) [c) (N1, S). Leto’ € T* beafiring sequence
of N suchthat(N, s [ P\{pi, po}) [0') (N, [pg™=o(o]). Lemma7.11impliesthato’ canbe chosenin
suchaway thatit containsno transitionsfrom T; U {y}. Hence,(Ny, [i]) [c0”) (Ng, S| Py W [pgT o)),
Thus, o canbe always be extendedin sucha way that all tokensin placesin P\{p;, po} are movedto
placep,. In otherwords,assuminghats € (To U {x})* is thefiring sequenc®btainedby replacingevery
occurrenceof a transitionin T; in o with transitionx andremaoving all other occurrence®f transitions
in T, it follows from the above invariancepropertythat this firing sequences enabledin (N}, [i]) and
(NS, [iD [6) (NG, s[ Py [pg ™=,

To prove that N; satisfiesdRequiremeniv) of Definition 6.2, it mustbe shavn that,for every reachable
markings € [Ny, [i]), 0 € simpliess = [0]. Lets € [Ny, [i]) be areachablemarkingof (Ny, [i]) such
thato € sandleto € (To U T)* beafiring sequenceuchthat (Ny, [i]) [0) (Ng, s). It follows from
the above obseration that (N3, [i]) [6) (N, s [ Po W [pgT=2()]). Clearly sinceo € s ando € Py,
0 € s[Pyw [pgM—oo]. |t follows from the factthat N} is an objectlife cycle and Requirementv)
of Definition 6.2 thats [ Py W [pg(T)—2(T)] = [0]. Assumes > [0]. It follows thats [ P, > [0] and/or
s P\{pi, po} # 0. Clearly theformercontradictshefactsthato € Py ands [ Py w [p3 (T =(T)] = [o].
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Accordingto theabove invariancepropertyandLemma?.6,thelatterimpliesthato (Ti) — o (Ty) > 0. Since
0 € sando € Py, it followsthato € s Py. Thecombinatiorof o (Tj) — o (T,) > 0ando € s| P, contradicts
thefactthats [ Py W [pg(T=2(To] = [0], which meansghatalsos [ P\{pi, po} # O leadsto a contradiction.
Hence,s = [0], which completeghis partof the proof.

To prove that N; satisfiesRequirement) (Terminationoption) of Definition 6.2 (Objectlife cycle), it
mustbeshavn that,for everyreachablenarkings € [N, [i]),[0] € [Ny, S). Lets € [Ny, [i]) beareachable
markingof (Ng, [i]) andleto € (To U T)* beafiring sequencsuchthat(Ny, [i]) [o) (N, S). Recallfrom
abovethatthereexistsao’ € T* suchthat(Ny, s)[o”) (N, S[Pow[pgT)=o(T]) andthat (NS, [i])[5) (N, ST
Po W [pg T —o()]) It follows from thefactthat N is anobjectlife cycle andRequirement) (Termination
option) of Definition 6.2 thatthereexistsa oo € (To U {x})* suchthat (NJ, s [ Py & [pg (= (T)]) [o¢)
(Ng, [0]). It is possibleto transformoy into a firing sequencer, € (To U T)* suchthat (N3, s [ Py &
[pg M=) [6p) (Ng, [0]). This transformationis definedasfollows. Leto; € (T\{y})* be a firing
sequenceuchthat (N, [pi]) [o1) (N, [po]). It follows from the fact that (N, [pi]) is live and bounded,
Lemma7.7,andLemma7.11thatsuchafiring sequencexists. Let 6o be thefiring sequencebtainedby
replacingevery occurrencenf x by the sequence;. Clearly, this firing sequenceaatisfieshe requirement
that (Ny, s Pow [pg™=2)]) [60) (Ny, [0]). Thus,(Ny, [i]) [oo'd0) (Ny, [0]), which completeshe proof
that (N, [i]) satisfiesRequirement/) (Terminationoption)of Definition 6.2.

It remaingto prove Requiremenvi) of Definition 6.2 sayingthat (N4, [i]) containsno deadtransitions.
Theproofis very similar to — but simplerthan— the correspondingpartof the proof of Theorem7.13. The
only differencesarethat N playstherole of Ny andthatthe transformatiorof firing sequencess the one
introducedn the previous partof the currentproof. O
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Figure7.18: A transformatiorbasecn inheritanceule PT.

Example 7.19.ConsiderExample6.15. The protocol-inheritane relationshipsetweerlife cyclesN; and
No andbetweenN, and Ny canbe provenby meansof inheritancerule PT. In bothcasesmethodreppacts
asthe guard. Figure 7.18illustratesthe transformatiorfrom Ny to N, in detail. It is not difficult to verify
that Ng extendedwith thefreshtransitionx is anobjectlife cycle. Furthermore(N, [pi]) is clearlylive and
bounded.Thus,accordingto Theorem7.17,the union of No and N minusthe dashedransitionandarcs,
which equalsN,, is asubclas®f Np.
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7.5 Inheritance rule PJ3

Thelastinheritancerule of this sectioncorrespondso the additionof parallelbehaior to alife cycle. To
formulatethis rule, the following auxiliary definitionis needed.A placeof a marked P/T netis saidto be
redundantbor implicit if andonly if it doesnot dependon the numberof tokensin the placewhetherary of
its outputtransitionss enabledoy somereachablanarking.

Definition 7.20. (Implicit place)Let (N, s) with N = (P, T, F, £) be a marked, M-labeledP/T net. A
placep € P is calledimplicit in (N, s) if andonly if, for all reachablanarkingss' € [N, s) andtransitions
teop, s >it\{p} = s >it.

Implicit placesandtheir propertieshave beenstudiedin [18, 24]. In the contet of this paper only the
following propertyof implicit placesis important. Implicit placesdifferentfrom the outputplacemay be
removedfrom anobjectlife cycle yielding a P/T netwhich is branchingbisimilar to the original life cycle.
It is evenpossibleto prove a strongemresult,namelythatthe resultingP/T netis againan objectlife cycle.
However, sincethis strongermresultis notneededpnly thefirst mentionedesultis proven.

Lemma7.21.LetN = (P, T, F, £) beanobjectlife cycle containinga placep € P\{o} thatis implicit in
(N, [i]). If Ng is thesubnetof N generatedy the setof nodesP\{p} U T, asdefinedin Definition5.27,
then(N, [i]) ~p (No, [i]).

Proof. Let R betherelation{((N, u), (Ng, v)) |u € [N,[i]) Av € [No, [i]) Au[(P\{p}) = v}. It is not
difficult to verify that, sincep is implicit in (N, [i]), p # i. Asaresult,(N, [i])R(No, [i]). It remainsto
beshavn thatR is a branchingbisimulation.Assumethatu < [N, [i]) andv € [No, [i]) aremarkingssuch
that(N, u)R(No, v).

i) Assumethatt € T is suchthat(N, u)[t) and(N, u) [£(1)) (N, u") with u’ = u— iyt woyt. It follows
immediatelyfrom thefactthatu [ (P\{p}) = v, thedefinitionof Ny, andDefinition 5.7 (Firing rule)
that (Np, v) [£(t)) (No, U’ [ (P\{p})). Hence,it easilyfollows that Requirement) of Definition 2.8
(Branchingbisimilarity) is satisfied.

ii) Assumethatt e T issuchthat(Np, v)[t) and(No, v)[£(t)) (No, v") with v" = v—in,tWop,t. It follows
from thefactsthatu [ (P\{p}) = v andthat p is implicit in (N, [i]), Definition 7.20(Implicit place),
thedefinitionof Ng, andDefinition5.7 (Firing rule) that(N, u) [£(1)) (N, v W ((u—intwont) [{p}).
Thus,it is notdifficult to verify thatalsoRequiremenii) of Definition 2.8is satisfied.

iii) First, assumehat | (N, u). It follows from Definition 6.1 (Semanticof M-labeledP/T nets)that
u = [0]. Sinceu[(P\{p}) = vandp # o, alsov = [0]. Thus,| (Ng, v), which, by Definition2.7 ({} ),
impliesthat L (N, v). Secondassumehat | (N, v). It followsthatv = [0]. Sinceu [ (P\{p}) = v
andp # o,u = [0] W (u[{p}). SinceN is anobjectlife cycle, it follows from Requirementv)
(Propertermination)of Definition 6.2 (Objectlife cycle) andthefactthatu € [N, [i]) thatu = [0].

As aresult,|L (N, u), whichimpliesthatalsoRequirementii ) of Definition 2.8is satisfied.
O

Lemma7.21doesnot carry over to arbitrary P/T nets,asthe readerfamiliar with the literatureon implicit
placesmight expect. The reasonis the specific semanticsor P/T netsdefinedin Definition 6.1. The
terminationpredicatdn this semanticsaysthata P/T netterminatesf andonly if it reaches markingwith
asingletokenin outputplaceo. Toillustratethe problem,considera P/T netwhich reachesa markingwith
asingletokenin o plussomeadditionaltokensin animplicit place.Clearly accordingto thesemanticsthis
nethasnotterminatedsuccessfullyHowever, the P/T netthatresultsfrom removing theimplicit placedoes
terminatein the correspondingnarking,which meanghatthe two netscannotbe branchingbisimilar.

The mainresultof this subsectionis the fourth inheritancerule. It is inspiredby andcarriesthe same
nameasthe algebraicaxiom of inheritancePJ3, givenin Property4.27. Inheritancerule PJ3 is formalized
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in Theorem7.23 given belov. It shavs underwhatrestrictionsit is allowedto extendan objectlife cycle
with a parallelbranchof behaior. The resultof rule PJ3 is a subclassof the original life cycle under
projectioninheritance.lt is illustratedin Figure7.22. As before, Ny is the original life cycle. Again, the
modificationof Ng is basedon a free-choiceP/T net N containinga place p suchthat (N, [p]) is live and
bounded.The two netstructuresNg and N sharetwo transitionst; andt,. In N, placep is the only input
placeof t; andthe only outputplaceof t,. Furthermorep hasno otherinput or outputtransitions.The net
structureN; resultingfrom inheritancerule PJ3 is definedasthe union of Ny and N afterthe removal of

placep. Theseassumptionsgneanthattransitions; andt, functionastheinput andoutputtransitionof the
extra parallelbranchmodeledby N. The basicideais thatthe P/T net (Ny, [i]) satisfiesthe propertythat
every firing of transitiont; is eventuallyfollowed by afiring of transitiont,. Therequirementhat (N, [ p])

is free-choicelive,andboundedjuaranteethateachtime transitiont; firestheresultingtokensin placesof
N canbe movedto theinput placesof transitiont, in N by only firing transitionsof N otherthant; andt,.

In addition,to guarantedhat (N, [i]) satisfiesthe desiredproperty also(Np, [i]) mustbe suchthatevery
firing of t; is followed by exactly onefiring of t,. To achieve this goal, assumehat N is extendedwith

a placeq with t; asits only input transitionandt, asits only outputtransition. Requiringthat placeq is
implicit in this extensionguaranteeshata firing of transitiont, is alwaysprecededdy afiring of t;. It is
notdifficult to seethatthe numberof tokensin g corresponds$o thenumberof firings of transitiont; which
have notyet beenfollowedby afiring of t,. To guarante¢hat(No, [i]) cannotterminatewithoutfiring t, as
mary timesast;, the extensionof Ny with placeq mustbe suchthatit cannotput a tokenin placeo while
leaving tokensin q. Clearly, thisis achiezed whenthe extensionof Ng with q yieldsanothedife cycle. The
combinationof therequirement®n Ny andN impliesthat N; is anobjectlife cycle satisfyingthe property
thatevery firing of t; is eventuallyfollowed by a firing of t,. The attentve reademight noticethe duality
betweennheritanceulesPT of the previous subsectiorandPJ3.

The generalityof inheritancerule PJ3 is similar to the generalityof the otherinheritancerules of this
section.However, the requirement®f PJ3 cannotbe verified with the sameefficiency astherequirements
of the otherrules. The two requirementgoncerninghe extensionof Ny with placeq are,in theory hard
to verify. However, therequirementhatq is implicit in the extensionof Ny canbeslightly strengthenedly
requiringthatq is structumlly implicit [18, 24]. This hardly compromiseshe generalityof therule from a
practicalpointof view andit is possibleto verify whethera placeis structurallyimplicit in polynomialtime
[24]. Therequirementhatthe extensionof Ny with g yieldsanothedife cycle is theoreticallyalsohardto
verify. However, theinputthat Ny is alife cycle andthatq is implicit in the extensionmight alleviate this
problem. The applicability of the rule hasto betestedin practice. It might alsobe aninterestingguestion
for futureresearcho find the exactcompleity of this problem.

As afinal remark,notethattheproofof Theoren7.23is similarto theproofof Theorem7.13. Therefore,
it is not givenin asmuchdetail andwith the sameamountof explanationasthe proof of Theorem7.13.
However, all essentiabspect®f the proofaregivenin detail.

Theorem 7.23.(Projection-inheritance rule PJ3) Let Ny = (Po, To, Fo, £o) be anobjectlife cyclein O.
LetN = (P, T, F, £) be a connectedM-labeled,free-choiceP/T net. Assumethatq € U is a fresh
identifiernotappearingn Py U ToU P U T. If N containsaplacep € P andtransitiond;, t, € T suchthat

) PPNP=0,ToNT = {tj, t},
i) inp={to},onp = {ti}, inti = {p}, Onto = {P},
i) (Vt:teT\To:et) & a(Np),
iv) (N, [p]) isliveandbounded,
v) N1 = NoU (P\{p}, T, F\{(p, 1), (to, P)}, £) is well defined,
vi) q isimplicit in (N, [i]) with Ng = (Po U {q}, To, Fo U {(ti, @), (d, t)}, £o), and
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Figure7.22: A projection-inheritace rule.

vii) Ng is anobjectlife cycle,

thenNy is anobjectlife cyclein O suchthatN; < No.

Proof. The proof goesalongthe samelines asthe proof of Theorem7.13. Let | = a (N, [i])\a@(Np). It
mustbe shavn that z; (Ny, [i]) is branchingbisimilarto (Ng, [i]). Accordingto Lemma7.21,it suficesto
shaw thatz, (Ny, [i]) is branchingpisimilarto (Ng, [i]). LetR = {(z; (N1, u), (Ng, v)) | u € [Ny, [i]) Av €
[Ng, [iN AUlPy=v[PyA[p*@]isahomemarkingof (N, u[ P)}. Notethatp # i, becauséy N P = 0.
Lemma7.6 yields that 7; (N, [i])R(Ng, [iD. To prove thatR is a branchingbisimulation,assumethat
u € [N, [i]) andv e [Ng, [i]) aresuchthatz) (N1, UyR(Ng, v). Thatis, u[ Py = v [ Py and[p*@] is a
homemarkingof (N, u [ P).

i) Assumethatt € Ty U T is suchthatt (N, u)[t) andz; (N1, u) [a) 7; (Ng, U) with o = (€g U £)(t)

andu’ = u — iyt W oy t. It mustbe shovn that thereexist v',v” € B(Py U {q}) suchthata)
(NG, v) = (Ng, v") [(@)) (Ng, v"), b) 7y (N1, WR(Ng, v”), andc) 7 (Ng, U)R(N,, v').
First,assuméhatt € T\Ty. Theamgumentin this caseis identicalto the agumentusedin the proof
of theanaloguecaseof Theorem7.13.

Secondassumehatt € To. Letv” = v andv’ = v — iyat & oyat. To prove Requirement), obsere
thati,\,gt =int N Pounlesst =t,. In thelattercasej,\,gt = (in,t N Po) U {q}. Requirement) easily
follows from the assumptionsaand the fact that g is implicit in (Ng, [iD. Requirementb) follows
immediatelyfrom the assumptionsFinally, Requirement) is provenasfollows. It follows from the
assumptiongndRequirement) thatu’ € [Ny, [i]) andv’ e [Ng, [iD). Thefactthatu [ Py = v [ Py
yieldsthatu' [ Py = v’ [ Pp. It remainsto be shavn that[p?' @] is a homemarkingof (N, u’ [ P).
Recallthat[ p*@] is a homemarkingof (N, u [ P). Threecasesanbe distinguished First, assume
thatt ¢ {t, to}. It follows easilyfrom the assumptionshatv’'(q) = v(q) andu’ [ P = u [ P, which
immediatelyprovestherequirementSecondassumehatt = t;. It follows from the requirement®f
Theorem7.23thatv'(q) = v(q) + 1 andu’ [ P = u [ P W oynt. It canbe showvn that[p*@+1] is a
homemarkingof (N, u [ P w[p]). It follows from the assumptiorthat[ p*@] is a homemarkingof
(N, u[ P) andLemma7.6that[ p*@] = 0if andonly if u[P = 0. Hence|f [p*@] = u[P = 0, then
the desiredresultthat [ p*@*1] is a homemarkingof (N, u [ P & [p]) follows from Lemma7.7. If
[p'@] # Oandu[P £ 0, it followsfromthefactthat(N, [p]) is live andProperty5.46(Monotonicity
of liveness}hat (N, [ p*@]) is live. Definitions5.21 (Livenessjnd5.25 (Homemarking)yield that
(N, u T P)islive. Thefactthat (N, [p]) is boundedandProperty5.51yield that(N, u [ P) is also
bounded.Hence,in this case the desiredresultthat[ p*@*1] is ahomemarkingof (N, u [ P W [p])
follows from Property5.54 (Monotonicity of homemarkings).Sinceint; = {p}, it follows from the
assumptiorthatt = t; and Definitions 5.7 (Firing rule) and 5.25 (Home marking) that [ p*@+1] is
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i)

ii )

ahomemarkingof (N, u [ P W ont), which provesRequirement) in this case.Third, assumehat
t =t,. It followsthatv'(q) = v(q) — 1andu’ [ P = u | P — iyt. Definition 5.7 (Firing rule) yields
that(N,u [ P) [£(t)) (N,u [P —int W [p]). Thefactthat[p'@] is ahomemarkingof (N, u [ P)
andDefinition 5.25(Homemarking)imply that[ p*@] is ahomemarkingof (N, u [P —int W [p]).
It follows from Lemma7.10that[ p*@~!] is a homemarkingof (N, u [ P — iyt), which provesthe
requirementlsoin this case.

Assumethatt € T is suchthat (N, v)[t) and (NZ, v) [a) (NS, v') with o = £o(t) andv’ = v —
iyat W oyat. It mustbe shavn thatthereexist u’, u” € B(Py U P\{p}) suchthata) 7, (N1, u) =
7 (Ng, U") [(@)) 7 (N1, U"), b) 7, (N1, u)R(NZ, v), andc) 7, (N1, U)R(NZ, v'). Two casesmeedto
bedistinguished.

First,assume # t,. Letu” = uandu’ = u—iy,t woy,t. It follows from theassumptionhatiy,t =
iNgt, which provesRequirement)). Requiremenb) follows immediatelyfrom the assumptionsTo
prove Requirement), obsere thatv’ e [Ng, [i]) andu’ € [Ny, [i]). Two casesaredistinguishedIf
t £ t, thenoyt = oNgt. Thus,u’ [Py =v' [ Py, v/(9) = v(q), andu’ [ P = u [ P. Requirement)
follows immediately If t = t;, thenoy,t = oyat\{g} U ont. It follows thatu’ [ Py = v [ Py, v'(q) =
v(Q) +1,u [P =u[ P Woyt. It remainsto beshavn that[ p* @] is ahomemarkingof (N, u’ | P).
Using the sameargumentasin the previous part of the proof, it follows from the assumptiorthat
[p*@] is ahomemarkingof (N, u [ P) that[p*@+1] is ahomemarkingof (N, u [ P & [p]). Since
(N,ulPw[p] [t) (N, ul P woyt), Definition5.25(Homemarking)yieldsthat[ p*@+1] is ahome
markingof (N, u [ P W ont), which provestherequirement.

Secondassumé = t,. Letu” = v [PowW (Wr i1 e iyt : [r'@) andu’ = v' [PoW (Wr i1 €
int @ [rV@]). Sincet = to, it follows thatiy,t = ingt\{a} Uint ando,t = oyat. The proof of
Requirement) is asfollows. Thefactthat[ p*@] is ahomemarkingof (N, u [ P) andLemma7.11
imply thatthereexists a firing sequences e (T\{t;})* suchthat(N, u [ P) [o) (N, [p*@]). Note
thatit follows from the definition of N; thatu(p) = 0. Consequentlyo canbe chosensuchthat
o = ogo, Wheret, € o9 andwhereo is of lengthv(q) with, foralli,0 <i < v(q), o1(i) = t,. Asa
result,(N, u [ P) [oo) (N, (Wr i1 € iyt : [r@])). It follows from thefactthatu [ Py = v | Py that
71 (N1, U) [o0) T/ (N1, U”). Requirementii) of Theorem7.23yieldsthatz; (N, u) = 7, (Ny, U").
It follows from the obserationthatiy,t = iNgt\{q} Uint, on,t = oNgt, andv’(q) = v(q) — 1that
71 (Ng, U”) [£o(1)) 71 (N1, U"), which provesRequiremeng). To prove Requiremenb), obsere that
u” [ Py = v [ Po. It remainsto be shawn that[p*@] is ahomemarkingof (N, u” [ P). In the proof
of Requiremenh), it hasbeenshavn thatu” [ P € [N, u [ P). Thus,thefactthat[p*@] is ahome
markingof (N, u[P) impliesthat[ p*@] is alsoahomemarkingof (N, u” [ P). To prove Requirement
c), notethatu’[Py = v/[Py. Thereforejt suficesto shav that[ p* @] isahomemarkingof (N, u'[P).
Obserethatv’(q) = v(q) — 1andu [ P =u” —iyt. Since(N,u” [ P) [t) (N,u” [P —intW[p)]),
it follows from the fact that [ p*@] is a homemarkingof (N, u” [ P) thatalso[p*@] is a home
markingof (N, u” [ P — iyt W [p]). Thus,Lemma7.10impliesthat[p*@-1] is a homemarkingof
(N, u” [ P —int), which provesRequirement).

The agumentto prove Requirementii ) of Definition 2.8 (Branchingbisimilarity) is identicalto the
algumentusedin thecorrespondingaseof the proofof Theorem7.13undertheassumptiorthat p #
0. Notethatthis assumptions valid becausd&kequirement) of Theorem7.23stateghatP,N P = @.

It remainsto be shavn that N, is anobjectlife cycle. It is clearthat N; satisfiesRequirements$) through
i) of Definition 6.2 (Objectlife cycle). Theproofthat N, satisfiefRequiremeniv) (Propertermination)of
Definition 6.2 is almostidenticalto the correspondingpart of the proof of Theorem7.13,again,underthe
assumptiorthat p # o.
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To prove that N, satisfiesRequirementy) (Terminationoption) of Definition 6.2, assumehatu e
[Ng, [iT). SinceR is a branchingbisimulation,Lemma6.17 yields thatthereexistsav € [Ng, [i1) such
thatu [ Py = v [ Py and[p”@] is a homemarkingof (N, u [ P). As shavn in partii) of the proof that
‘R is a branchingbisimulation, it is possibleto constructa firing sequencer € (T\{t;, t,})* suchthat
(Ng, U) [o) (N, v [PoW (Wr i1 € into 2 [rV@])). It follows from thefactthat Ng is alife cycle thatthere
is afiring sequencey € To* suchthat(NZ, v) [o0) (Ng, [o]). It is possibleto transformog into a sequence
oo € (ToUT)* suchthat(Ng, v [ PoW (Wr 1 € into 1 [rY@])) [00) (N, [0]), proving that N, satisfies
Requirement) of Definition 6.2. Thetransformations inductively definedasfollows. If tj & og, thency =
oo. It is straightforvardto seethatthis firing sequencaatisfiegherequirementlf t; € g, thenassumehat
00 = oticaWith ti ¢ o7. Letv’, v” € B(Pou{q}) besuchthat(Ng, v)[a1) (Ng, v)[ti ) (Ng, v")[02) (N7, [0]).
It followsthat(Ny, v [P (Wr i1 € into : [FY@])) [o1) (Ny, v [PoW (Wr i1 € into : [TV @) [t) (Ng, v [
PoW (Wr i r e into : [rY@]) Wont;). Lemma7.7 statesthat [ p] is a homemarkingof (N, [p]). Since
(N, [pD [ti) (N, onty), it followsthat[ p] is alsoahomemarkingof (N, onti). Lemma7.11andthefactthat
inp = {to} imply thatthereexistsafiring sequences € (T\{tj, t;})* suchthat(N, onti) [o3) (N, into). It
follows that (Ny, v’ [ Po W (Wr i1 € into : [V @]) Wonti) [o3) (Ny, v” [PoW (Wr i1 € into : [rY@F1])).
Obsenrethatv”(q) = v/(q) + 1. Hence,(Ny, v [Py W (Wr i1 € into : [r*@P])) [o1tioz) (Ng, v [Py (Wr :
r €inty 1 [r”"@])). Choosingsy = o1ti 036, yieldsthat(Ny, v [PoW (Wr i1 € into : [rV@])) [60) (N4, [0]),
completingthe proof.

TheproofthatN; alsosatisfieqRequirementi) of Definition6.2is very similarto thecorrespondingart
of theproofof Theorem7.13. Theonly differencesarethatt; playstherole of t, andthatthetransformation
of firing sequenceis theoneintroducedn the previous partof the proof. O
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Figure7.24: A transformatiorbasedn inheritanceule PJ3.

Example 7.25.Let us returnone moretime to Example6.15. The subclasselationshipbetweenN; and
N, canbe proven by meansof inheritancerule PJ3 of Theorem7.23. The transformationis depictedin
Figure7.24.Let N; denotethe P/T net N, extendedwith placeq. Accordingto Definition 7.20,placeq is
implicit in (Ng, [iD.In addition,Ng is anobijectlife cycle. This meanghatthe extensionof N, with place
g satisfiegherequirement®f Theorem7.23. As explained,theserequirementguaranteehat,in (N, [i]),
eachfiring of transitiont; is ultimatelyfollowedby exactly onefiring of transitiont,. Thetransformatiorof
N, is basedonthe connectedfree-choiceP/T netN. Since(N, [p]) is live andboundedandsincesspsis a

68



methodidentifier not occurringin N, alsoN satisfiegherequirement®f Theorem7.23. Theunionof N,
andN minusplacep andits incomingandoutgoingarcsyieldsP/T net N3. Thus,it maybeconcludedrom
Theorem?.23thatobjectlife cycle Nz is a subclassinderprojectioninheritanceof life cycle No.

7.6 Concluding remarks

Sofarin this section,four inheritancerules have beenpresentedo constructsubclassesf objectlife cy-
clesunderdifferentforms of inheritance.The rulescorrespondo designconstructghat are often usedin
practice,namelyiteration, sequentiacomposition,choice,and parallel composition. As explainedin the
introductionto this section therulesarecompromisedetweergeneralityandefficiency. Inheritancerules
PP andPJ, correspondingo iterationandsequentiatompositionrespectiely, arereasonabhygeneraland
very efficient. RulesPT andPJ3, correspondingo the choiceconstructandparallelcomposition arealso
reasonablgeneralbut, atleastin theory they arenotvery efficient. However, it is our beliefthat,in prac-
tice, thetheoreticakomplity doesnot causegoroblems;of coursethis claim hasto betestedn non-trivial
applicationsNeverthelessit is interestingto briefly considergeneralizationandrestrictionsof therules.

In eachof the four inheritancerules, the transformationof the original life cycle is basedon a live
andboundedfree-choiceP/T net. An interestingquestionis whetherit is possibleto drop the free-choice
requirementThefree-choicaequirementitselfis notessentiallt isimportantthatthe classof netsonwhich
the extensionin theinheritancerulesis basedsatisfieshe variousresultsabouthomemarkingsderived in
Sectionss.4and7.2for live andboundedree-choicenets. The generaklassof live andboundedP/T nets
is not suitablefor this purposeascanbe shavn by meansof the P/T netin Figure7.26.

Figure7.26: Non-monotonicityof homemarkingsfor live andboundedP/T nets.

Thefigure shavs a P/T net N, which is not free-choicewith a place p containinga singletoken. It is
notdifficult to verify that(N, [p]) is liveandboundedandthat[ p] isahomemarkingof (N, [ p]). However,
considetthe marked P/T net(N, [ p?]). Firing sequencéytotsts leadsto marking[a,?, g22]. In this marking,
no transitionsare enabled. Clearly this implies that[p?] is not a homemarkingof (N, [p?]). Thus,the
classof live andboundedP/T netsdoesnot satisfy the propertythathomemarkingsare monotone.Note
that (N, [p?]) is alsono longerlive and bounded. Sincethe reachablemarking [0:2, 0.?] is a deadlock,
(N, [p?]) is obviously not live. Furthermorefiring the sequencef transitionstotytsts, startingfrom the
initial marking,yields marking[ p?, go%], which meansthatthe numberof tokensin placecy canincrease
indefinitely Thus,(N, [p?]) is alsonotbounded.
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A consequencef the obseration thatthe generalclassof live andboundedP/T netsdoesnot satisfy
monotonicityof homemarkingsis thatit is not possibleto omit thefree-choicerequiremenin rulesPP, PJ,
PT, andPJ3. It remainsaninterestingquestiorto find classe®f P/T netsthatcouldreplacethe classof live
andboundedtree-choiceP/T netsin theinheritanceules. The classof live andboundedwell-handledP/T
netsmight be a candidate Well-handledP/T netsandsomeof their propertiesarestudiedin [1, 3].

An optionto generalizaghe four inheritancerulesof this sectionis to basethe extensionin theruleson
theclassof live andboundedP/T nets,droppingthefree-choicerequirementwhile atthe sametime adding
otherrestrictiongo therulesto guarantegheir correctnessNotethatany suchrestrictionsmustexcludethe
P/T netof Figure7.26asanallowed extension.Requiringthatthe resultof the transformatioryieldsagain
alife cycle might besufiicient. However, proving sucha generalizatiomequiresalot of work. It is notclear
whetherit is worththe effort. Theverificationwhethera particulartransformatiorsatisfiegtherequirements
of sucha generalizedule is very inefficient. As aresult,it might be very hardto apply sucha rule in
practice.A secondeasorfor not puttingtoo mucheffort in generalizinghe currentsetof inheritancerules
is thattheseruleshave notyet beenthoroughlytestedn practice.

It maybe clearfrom theabove discussiorthat,in our opinion,thefree-choicerequirementn theinher
itancerulesof this sectionis agoodcompromisebetweergeneralityandefficiengy. However, thereappears
to be anothemreasonableompromisepasedon the notion of so-calledsafeP/T nets. A marked (labeled)
P/T netis saidto be safeif andonly if all placesof the P/T netcontainat mostonetokenin ary marking
reachabldérom theinitial marking.Notethatsafeness arequirementhatimpliesboundednesdn asetting
whereobjectlife cyclesarerequiredto be safe,the free-choicarequirementn the four inheritancerulesof
this sectioncanbereplacedy therequirementhatthe P/T netuponwhich the modificationof the original
life cycleis baseds safe,giventhe specificinitial markingidentifiedin eachof therules.

As an example,let us considerinheritancerule PP of Theorem7.3 andillustratedin Figure 7.2. It
hasbeenexplainedin Section7.2 thatthe key to the correctnes®f this inheritancerule is thatary tokens
consumedrom the specialplace p by atransitionof N can,underall circumstancede returnedto place
p. In particular the lemmasin that sectionshav that addingtokensto or remaving tokensfrom placep
doesnot disturbthis process.The safenessequirementoncerningobjectlife cyclesimpliesthatplace p
canalwayscontainat mostonetoken. If thistokenis consumedrom p by atransitionof N, theliveness
requirementregarding N is sufficient to guaranteehat this token can be returned,whereasthe safeness
requirementf boththeoriginallife cycle andtheextensionN guaranteethat,in the processnotokenscan
be addedto placep. Thus,if objectlife cyclesarerequiredto be safe,therestrictionthat (N, [p]) is live
andsafeis sufficientto guarante¢hatatokenconsumedy N from p canalwaysbereturned.For theother
inheritancerulesof this section similar agumentshold.

In safeP/T nets,placesnodelconditions which canbe eithertrue or false.In practice safenesappears
to beareasonablessumptiorfor objectlife cycles. All the examplesusedsofar, aswell asall the object
life cyclesoccurringin the casestudyof thenext sectionaresafe. The compleity of decidingbothsafeness
of generalP/T netsandlivenessof safeP/T netsis PSRACE-completd32]. As a result,the complity
of verifying the requirement®f ary of the four inheritancerulesadaptedo safeP/T netsis (worst-case)
PSRACE-complete This meanghat,theoretically the requirement®f rulesPP andPJ areeasietto verify
thantherequirement®f their safevariants whereaghe requirement®f PT andPJ3 aremorecomple to
verify thantherequirementsf their safecounterparts.

As alreadymentionedn Section6.1,the classof so-calledsoundworkflow netsof [1, 2] is very similar
to the classof objectlife cyclesintroducedin Definition 6.2. Workflow netsare usedto model business
processes Businessprocessesendto changequite often, which causesnary problemsfor maintaining
theseprocessedn [4], theinheritancerameavork developedin this sectionadaptedo a settingof safeP/T
netsasdiscusse@bove is appliedto tackleseveral of the problemsrelatedto thefrequentchange®ccurring
in businesgrocessesTheresultsof [4] supportour beliefthatsafeobjectlife cyclesandthe corresponding
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variantsof theinheritanceulesyield aninterestingalternatve to the framewvork developedin this section.

Comparingheinheritancerulesin this sectionto theaxiomsof inheritancen Sectiord.2,it is notevor-
thy that no inheritanceruleshave beengiven correspondingo the axiomsof life-cycle inheritancedefined
in Property4.30. Thereasonis that suchinheritanceulesaresimply combinationsf the four rulesof this
section.All kindsof combinationf inheritancerulesareallowed, aslong asthe original life cycle andits
extensionssatisfycertainrestrictionswith respecto theirtransitionlabels.Basically it mustbeguaranteed
thatmethodswvhich functionasguardsin anextensionbasedn inheritancerule PT do notappeaiin exten-
sionsbasedbn ary of theotherinheritancerules. This restrictionfollows from the original definition of the
four inheritancerelations.Theguardsin inheritancerule PT areencapsulatedyhereaghe nev methodsn
ary of theextensionsn the otherrulesarehidden. As explained,in the definition of life-cycle inheritance,
it is not allowed to treatdifferentcalls of the samemethodsn a differentway. Examplesof combinations
of inheritancerulesarethefollowing. Clearly basedninheritanceaule PJ, it is allowedto replacewo arcs
in a P/T netsimultaneoushaslong asin both caseghe requirement®f rule PJ aremet. In this case the
aborementionedestrictionis trivially satisfied.lt is alsoallowedto replacean arc while at the sametime
addinganiteration. Anotherexampleis the simultaneougxtensionof alife cycle with analternatve anda
parallelbranchof behaior, which is allowed whenthe guardsof the alternatve do not appeaiin the extra
parallelbranch.

Finally, asalreadymentionedn Section6.1,someof therulesdevelopedin this sectioncanalsobeused
to constructobjectlife cyclesin generalwithout the aim to constructsubclassesf existing life cycles. In
particular rulesPP and PJ are suitedfor this purpose.The requirement®f theserulescanbe efficiently
verifiedandtheresultis againalife cycle. However, alsorulesPT andPJ3 might be usefulin somecases.
Sincetransitionlabelingdoesnot play a role in the definition of objectlife cycles,the rulescaneven be
generalizedvhenthe aim is solely to constructobjectlife cycles. The requirementsoncerningthe la-
belsof transitionsaddedo the original objectlife cycle maybedropped.An interestingconsequencef the
obsenrationthatthefour inheritanceulespresere life-cycle propertiess that,basedn Theoren6.7 (Char
acterizatiorof objectlife cycles),they canbe easilytransformednto liveness-and-bouednes-presening
transformatiorruleson P/T nets. Recallthatalso[2] and[72] describea setof liveness-and-bourdress
preservingransformatiorrulesthat, similar to the rulesof this subsectioncorrespondo designconstructs
suchassequentiatomposition parallelcomposition choice,anditeration. However, the rulespresentedn
this sectionare far more generalthanthe rulesof [2] and[72]. Thefactthatthe inheritancerulesof this
sectioncanbetransformednto liveness-and-bourdress-preserving transformatiorrulesimpliesthatthey
might have mary moreapplicationghanonly the onethatis presentedh this paper

8 CaseStudy

To validatethe theory developedso far, the frameawvork of the previous two sectionsis appliedto a small
casestudy namelythe developmentof a groupware editor The Petri-net-framewrk is choseninsteadof
the process-algebraitamenork of Section4, becausehe former is closerto practicalapplicability than
the latter The aim of this casestudyis not to give full specification®f all the classesn the designof a
groupwvare editor, but to focuson the objectlife cycles. This meansthat datatypes,classattributes,and
methodimplementationsreomitted. If necessaraninformal explanationis given.

Informal systemrequirements Theinformal requirementgor the groupware editorareasfollows. The
editoris meantto edit somekind of diagrams.Multiple users,possiblysituatedat differentworkstations,
may be editing a single diagramin a joint editing session. Usersmay chooseto either view or edit a
diagram. They may join or leave a sessiomat will. It mustbe clearto all userswho is currently editing
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somegiven diagram. The diagramsunderconsideratiormay be comple, possiblyconsistingof multiple

componentsComponentsnayintroducehierarchyin adiagram.lt is possibleto openor closeacomponent
revealing or hiding its details. Not just ary usermay view or edit ary componentn a diagram. Users
must have permissionto do so. Permissionsare not fixed; to get permission,a usercan simply select
a componentand thentry the desiredcommand. If thereare no conflicting permissionsthe command
succeedsptherwise,it fails andthe useris notified. Usersmay explicitly surrendempermissions.Most

permissionsare automaticallyresetif the userleavesthe editing session;a few permissionsmay persist
betweersessions.

In the next subsectionghe concepf life-cycle inheritancds usedto designa groupvareeditor satisfying
the abavementionednformal requirements.The developmentis split into threesteps. First, a groupware
viewer is designed. The designis fairly simple and the resulting systemallows multiple usersto view
existing diagrams.Secondthe viewer is transformednto a multi-usereditor by addingediting functions
to thelife cyclesof classesn theviewer design.Third, the multi-usereditoris specializedo a groupware
editor by addingpermissions.The casestudyshavs how life-cycle inheritancecanbe usedto structurean
object-orientedlesignprocesslt alsoshavs how objectlife cyclescanbereusedn adesign.

8.1 Multi-user viewer

Four classesxan be distinguishedn the designof the viewer: user, di agr am user _sessi on, and
edi t _sessi on. Thefirst two classedave straightforvard interpretationsThethird andfourth classare
intendedto structureviewing sessions.During sucha sessionanedi t _sessi on objectkeepstrack of
all usersviewing a particulardiagram. An objectof classuser _sessi on maintainsall datainvolvedin
a particularsessiorof a particularuser Figure8.1 shaws thelife cyclesfor the objectsof the abore four
classes.Someof the placesin life cyclesuser anduser _sessi on aremarked with identifiersfor the
purposeof futurereference.

Userscanbe createdcru) or deleted(dell). Thismeanghatthey areaddedo or removedfrom thelist
of usersof theviewer. Onceauserexists,heor shemayjoin andleave editsessionsA userthatparticipates
in atleastoneedit sessiomayissueview commandsn orderto view diagrams At this point, theuserhas
no othercommandswvailable.

Classdi agr amhasa very straightforvard life cycle. Diagramscanbe created(crd), viewed (view),
anddeleted(deld).

A userinteractswith a diagramthrougha user sessi on object. Eachtime the userjoins an edit
sessionanew objectof classuser _sessi on is created As before theview commands theonly possible
commanda usercanexecute.lf theuserleavesthe editsessiontheuser sessi on is terminated.

Objectsof classedi t _sessi on keeptrackof all usersinvolvedin asingleedit sessionThefirst user
that“joins” anedit sessiorfor somediagram,actuallycreatesanew edi t _sessi on object. If usergoin
analreadyexisting sessionno new objectis createdtheinformationis simply storedin the existing object.
To fulfill the requirementhatall usersmustknow who is participatingin the sessionjt is assumedhat
the implementatiorof join is suchthatthe new usergetsa list of usersalreadypresent.Furthermorethe
informationabouta new useris broadcas{brdcs) to all otherusersparticipatingin the sessionWhenthe
userleaves,thisinformationis broadcasto all remainingusers.Thelastuserleaving the sessiorterminates
theedi t _sessi on object.

In acompleteobject-orientedspecificationjt mustbe clearwhich methodsnteractwith eachother In
this casestudy theinteractionbetweemethodss notformally specified Insteadthefollowing assumptions
aremade. First, user methodsinvoke methodswith the samenamein user _sessi on, which, in turn,
invoke methodsf the samenamein edi t _sessi on anddi agr am Secondmethodswvhichdo nothave

72



9
crd

view

deld
of

di agram

i [
joinﬁ>
j/oi/n[l ‘f' brdcst
view do AL
leav brdcst leave
leave

join

. (0] . .
user _sessi on edi t _sessi on

Figure8.1: A multi-userviewer.

counterpartsn one of the other classesare assumedo interactwith (objectsin) the ervironment. The
examplesof thesemethodsn Figure8.1arecru, dely crd, deld andbrdcst

8.2 Multi-user editor

In thesecondstepof thedesignprocessthe multi-userviewer of the previoussubsectioris transformednto
a multi-usereditor Permissiongrenot yetincorporated.They areaddedin the third andfinal stepof the
design. Consequentlyin the versionof the editor describedn the currentsubsectionit is possiblethata
components deletedby oneuser while it is beingchangedr viewed by anotherone.

Threeclassedn the designof the viewer, shavn in Figure 8.1, are extendedwith editing facilities,
namelyuser , di agr ans, anduser _sessi on. Classedi t _sessi on doesnot needto change.Thus,
the designof the editor consistsof four classesnamelyuser _e, di agr ame, user _sessi on_e, and
edi t sessi on. Thenew classesareshavn in Figure8.2. In theremaindeiof this subsectionit is shavn
that the threenew classesare subclassesf the correspondinglassesof the viewer of Figure 8.1 under
life-cycle inheritance.

First, considerclassdi agr ame. In the editor, it is possibleto modify diagramsby meansof method
mod It easilyfollows from inheritancerule PP of Theorem7.3 thatdi agr ame is a subclasf class
di agr amunderprotocol/projectia inheritance.Thus, it alsois a subclasf di agr amunderlife-cycle
inheritance.

Secondclassuser of Figure8.1 hasbeenextendedto classuser _e in the designof the editor In
the editor, usersof the systemareresponsibldor creatinganddeletingdiagrams(methodscrd anddeld).
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Figure8.2: A multi-usereditor.

Creationanddeletionof diagramscanbe doneindependenthof editing (other)diagrams.Thus,a branch
of parallelbehaior, consistingof place p; andthe two aforementionedanethodsjs addedto thelife cycle
of classuser . Inheritancerule PJ3 of Theorem7.23 can be usedto prove that this extensionyields a
subclassinderprojectioninheritance Thetwo transitiondabeledcru anddelusene astheinputandoutput
transitionof the additionalparallelbranch respectiely. Dueto the presencef placepg in life cycleuser ,
ary extra placebetweercru anddeluis clearlyimplicit in thislife cycle. For the samereasonthe addition
of suchanextra placepreseresthelife cycle properties.

Anotherextra featureof the editor comparedo the viewer of the previous subsectioris thatusersare
allowed to modify diagrams.For this purposeclassuser _e containsmethodmod Usershave to choose
whetherthey wantto modify a diagramor whetherthey aresatisfiedwith justthe optionto view it. Method
chmd (changemode) can be usedto toggle betweenviewing and editing mode. The implementationof
methodsmod and chmd canbe suchthat only a subsetof usersis allowed to enterthe editing mode. It
simply follows from applyinginheritancerule PP thattheadditionof methodsnodandchmdto classuser
leadsto asubclass.

It is not difficult to verify thatthe subsequenapplicationof inheritancerules PJ3 and PP yields that
user _e isasubclas®f user underlife-cycle inheritance.

Third, it mustbe shavn thatuser _sessi on_e is asubclasof user _sessi on. For eachedit ses-
sion a userjoins, a user _sessi on_e objectis created. This objectkeepstrack of the modein which
the useris for this particulardiagram. Initially, the useris in viewing mode. By invoking methodchmd
the usercan changeto editing mode. This meansthat the objectlife cycle of classuser sessi on in
Figure 8.1 is extendedwith a choice. Inheritancerule PT of Theorem7.17 canbe appliedto shav that
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user _sessi on_e is a subclasof user _sessi on. Methodchmd actsasthe guard. Methodleavein
user _sessi on guaranteethatary extratransitionbetweemlacesy, ando in thislife cycle preseresthe
life cycle properties.

Summarizing threeof the four inheritancerules of the previous sectionhave beenusedto extendthe
viewer of Figure8.1to aneditor The mostimportantconclusionof this subsections thatthe specifications
of theobijectlife cyclesof theviewer have beenreusedduringthedesignprocess.

8.3 Groupware editor

In thelaststepof the designof the groupware editor, a mechanisnis addedto handlepermissionsPermis-
sionsareneededo preventall kindsof anomaliesFor example they guaranteghatit is impossiblehatone
userdeletesacomponenof adiagramwhen,atthe sametime, anothemuseris viewing thiscomponentFour
new classesare designed,namelyuser _p, di agr amp, user _sessi on_p, andedi t _sessi on_p.

Figure8.3 shavs two of thesefour classes.

Jo)
crd '
rilbck ~ == rllbck I
joinﬁ) brdcst
i o oy
Q\ rstp
cmm cmmt
rstpsy> <A rllbck brdcst
deld leave leave
C
cmmt—— rstp
. 0O . . 0O
di agramp edit _sessionp

Figure8.3: A groupvareeditor

The currentsetof permissiondor editing a diagramis maintainedin the correspondingli agr amp
object. Thisis the only feasibleoption sincesomepermissionsnay persistbetweeredit sessionsasstated
in the systenrequirementgxplainedin theintroductionto this section.Also explainedin the requirements
is thata usercangetpermissiorfor someeditingcommandy simply selectinga componenandexecuting
the command. Therefore,after every editing action view, mod or deld di agr amp executeseithera
rollback (rllbck) or acommit(cmmj), dependingon whetheror not the userhaspermissiorfor the specific
editingaction.Anotherchangen di agr amp whencomparedo classdi agr ame is thatthemethodrstp
hasbeenaddedwhich canbe usedto resetpermissionsit mustbetaken careof thatthethreeotherclasses
invoke rstpwheneer appropriate.

Classesiser p anduser sessi on_p aresimpleextensionf themulti-usereditorclassesiser _e
anduser _sessi on_e of Figure8.2. Thereforethesetwo classesrenotshavn in Figure8.3. Sinceusers
maysurrendepermissiongtary time,classuser _p is obtainedrom user _e by addingaloop consisting
of asingletransitionlabeledrstpto placep,. Sinceusersinteractwith diagramshroughusersessionsthe
life cycle of user _sessi on_p is constructedrom user _sessi on_e by addingthe sameloop asabove
to placesgp andq; .
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Thefourth classin thedesignof the groupwareeditoris classedi t sessi on_p whichis constructed
from classedi t _sessi on of Figure8.1. As mentionedn the systenrequirementspermissiongarereset
whena userleavesa session.This meanghatedi t _sessi on is extendedwith calls of methodrstp after
eachinvocationof theleavemethod.

It remaingo beshavn thatthe new classesresubclassesf the correspondinglassesn theearlierde-
signs.Theadditionof rstpto classesiser _e anduser _sessi on_e is capturedby inheritancerule PP of
Theorem7.3. Henceuser _p anduser _sessi on_p aresubclassesf user _e anduser _sessi on_e,
respectely.

The additionof rstpto di agr ame is alsocapturedby rule PP. To shav thatthe additionof method
cmmttodi agr ame is correct,ageneralizatiorf inheritanceule PJ asdiscussedh Section7.6is needed.
Applying rule PJ threetimessimultaneoushshavs thatthe extensionwith methodcmmtyieldsa subclass.
To shaw that the addition of methodrllbck is allowed, considerthe intermediateresultobtainedafter the
previoustwo additions. The desiredresultfollows easilyfrom inheritancerule PT of Theorem7.17,again
appliedthreetimessimultaneouslyHence classdi agr amp is asubclas®f di agr ame.

Finally, to shav thatedi t _sessi on_p is asubclas®of edi t _sessi on, it suficesto applyrule PJ
twice simultaneously

Summarizinghe resultsof this subsectionit hasbeenshavn thatthe four classesn the designof the
groupwvare editor aresubclasseanderlife-cycle inheritanceof the correspondinglassesn the multi-user
editor discussedn the previous subsection.The classe®f the multi-usereditor, in turn, are subclassesf
thecorrespondinglasse®f theviewer presentedn Section8.1. Sincelife-cycle inheritanceds transitive, it
follows thatthefour classe®f thegroupwareeditorarealsosubclassesf thecorrespondingiewer classes.
This meanghatthe groupware editor preseresthe behaior of theviewer. Althoughthe casestudyis not
very complg, it shavs thatthe conceptof life-cycle inheritancecanbe usedto structurethedesignprocess.
In addition,theinheritancerulesof Section7 stimulatethe reuseof objectlife cycles. Obsenre thatall four
inheritancerulesareneededn the casestudy More realisticcasestudiesareneededo testwhetherthefour
rulesare sufficient in practicaldesignsituations. For this purpose,it is alsonecessaryo incorporatethe
resultsof this paperin acompleteobject-orientedormalism.

9 Conclusions

Concluding remarks The conceptof inheritanceis one of the key conceptsn object-orienteddesign.
However, in mostobject-orientednethodswhich arein commonuse,the mostimportantbeingUML [21,
58], inheritanceis only well definedfor the setof methodsof a classandits attributes. It is implicitly
assumedhatthe behaior of anobjectof a subclasextendsthe behaior of anobjectof its superclassTo
overcomethis omissionin the definition of inheritancethis paperstudiesnheritanceof dynamicbehaior.
Section4 studiesinheritanceof behaior in a simple process-algebraigetting. Processalgebrais par
ticularly well suitedfor this purposebecausét doesnot have anexplicit representationf processtatesin
addition, the notionsof encapsulatiomndabstractiorhave beenstudiedextensvely in a process-algebraic
setting. Encapsulatiortorrespondso bloding actions,whereasabstractiorcorrespondso hiding actions.
Intuitively, blockingandhiding methodcalls play animportantrole in inheritanceof behaior. Section4.1
introducedfour inheritancerelations,basedon eitherencapsulatiomr abstractioror both. Eachof thein-
heritancerelationscapturedlifferentkinds of extensionso anobjectlife cycle. Theaxiomsof inheritance
of Section4.2illustratethe mostcharacteristiextensionsallowed undereachform of inheritance Protocol
inheritancecaptureghe additionof analternatve to an objectlife cycle. Projectioninheritanceallows the
additionof parallelandsequentiabehaior. Underprotocol/projectioninheritanceit is allowedto postpone
behaior. In a settingwhich allows the specificationof iterative behaior, protocol/projectiorinheritance
captureghe extensionof an objectlife cycle with aniteration. Life-cycle inheritance which is the most
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generaform of inheritancaliscussedhn this papey allows all kindsof combinationf theabosementioned
extensions.

In Section6, thefour inheritancerelationsof Section4 arestudiedin the frameawvork of Petrinets. Due
to the graphicalnatureof Petri netsandtheir explicit representatiomf statesthe Petri-netframework is
closerto object-orientednethodsusedin practicethanthe algebraicframewvork. Inspiredby the algebraic
axiomsof inheritance Section7 presentsour inheritancerules,which canbe usedto transforma classinto
a subclass.In Section8, theseinheritancerules are usedin the developmentof a groupware editor The
conceptof life-cycle inheritanceandthe accompaying inheritancerules prove to be usefulin structuring
thedesignprocessin addition,they stimulatethe reuseof objectlife cycles. Themostimportantconclusion
is thatthe conceptgievelopedin this papercanbe a promisingadditionto existing object-orienteanethods.

The developmentof the conceptof inheritanceof behaior in this paperis a perfectillustration of the
complementaryatureof processalgebraandPetrinets. Processlgebraprovedto be a very usefulframe-
work for developinga clearunderstandin@f the importantconceptsn the formalizationof inheritanceof
behaior. The Petri-netframevork providesa formalizationthatis muchcloserto existing object-oriented
methods.It would have beendifficult to achieve the two goalsof a clearconceptualnderstandinginda
practicalframenork in asingletheory

Futurework Themostimportantfuture challengeis to integrateour conceptf inheritancean an exist-

ing object-orienteddesignmethod. If UML is chosenfor this purpose,one could chooseto translatethe

inheritancenotionsto statechartliagramsor onecould chooseto replacestatechartiagramsby Petrinets.
It is alsopossibleto integratetheinheritanceconceptsn anobject-orientedormalismbasedon Petrinets,
suchasOPN[47]. An adwantageof this approachs thatit resultsin anintegratedframewvork with a sound
theoreticabasis.A disadwantagds thatobject-orientedanguagedasedn Petrinetsarenotyetin common
use.An adwantageof incorporatingthe resultsof this paperin aframewvork asUML is thatit will be easier
to getacceptancef the notion of inheritanceof behaior in practice,particularlywhenit is translatedo

statechartiagrams.

An aspectthat playsan importantrole in the literatureon inheritanceis the so-calledsubstitutability
principle of [73]. Thesubstitutabilityprinciple saysthatanobjectof somesubclassanalwaysbeusedin a
contet whereanobjectof its superclass expected Whenincorporatingheinheritanceconcepdeveloped
in this paperin a completeobject-orientedlesignmethod,it mustbe investigatedo what extent, or under
which assumptionsthe four inheritancerelationsadhereto the substitutabilityprinciple. To answerthis
questionijt is not sufiicient to considelife-cycle specificationsn isolation. It is alsonecessaryo take into
accountthe staticstructureof classesaswell astheinteractionbetweerobjects.

Anothertopic for further studyis the setof inheritancerulesto constructsubclassefrom objectlife
cycles. It is interestingto studyvariantsof the currentinheritancerules,trying to improve their generality
or their efficiengy. It would alsobe usefulto translatethe inheritancerulesto the statechardiagramsof
UML. Furthermoreijt is interestingto transformthe rulesinto transformatiorrulesthat presere liveness
and boundednessf P/T nets. One applicationof suchtransformationrulesis that they canbe usedto
constructobjectlife cycles.

Futurecasestudieswith life-cycle inheritancemight reveal that thereis a needfor a small extension
of the framavork. Whenverifying a subclasselationshipbetweentwo objectlife cyclesin the current
framework, it is not allowedto treatdifferentcalls of the samemethodin a differentway. All callsof the
samemethodareeitherblocked, or hidden,or left untouched However, it is not difficult to definevariants
of the four inheritancerelationsof this paperthatallow a differenttreatmentof differentcalls of the same
method.It simply requiresghe useof temporarymethodnamego distinguishthedifferentgroupsof method
calls. For example,a variantof protocolinheritancecould be definedasfollows. If anobijectlife cycleis
a subclassunderprotocolinheritanceof anotherobjectlife cycle, thenary renamingof the methodsnew
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in the subclasyields a subclas®of thelife cycle underthe variantof protocolinheritance By choosingan
appropriateenamingiit is possiblethat a methodalreadypresenin the superclassctsasa guard. Thus,
by usingtemporarynamesfor methodsactingas guardsin the subclassit is possibleto distinguishnew
invocationsof sucha methodin thesubclas$rom callsof the samemethodalreadypresentin theobjectlife
cycle of thesuperclass.

Another interestingtopic is the applicationof the inheritanceconceptsof this paperin the areaof
component-basesoftware engineering 70, 71]. A commonproblemin existing object-orienteddesigns
is that the dynamicinteractionbetweenobjectsis often implicit in the design,which frequently causes
problemsfor the maintainabilityand extendibility of the design. Component-basesoftware engineering
is characterizedy a strongfocus on componentinterfacesand componentinteraction. The inheritance
conceptof this papercanbe seenasa stepfrom object-orientediesigntowardscomponent-basedesign.
Someearlyresultsof theapplicationof theinheritancenotionsof this paperin theareaof component-based
softwareengineeringcanbefoundin [6].

Another promisingapplicationareafor our conceptsf inheritanceof behaior is workflow manage-
ment. Petrinetsarewell suitedto defineandanalyzeworkflow processegsee for example,[2, 3]). Object
life cyclesandP/T netsmodelingworkflow processesare essentiallythe same. Our inheritanceconcepts
are particularly usefulin the areaof adaptve and ad hoc workflow management.This areaof workflow
managemenfiocuseson handlingprocesschanges. An importanttopic in this contet is the adaptatiorof
workflow processedn sucha way that the new workflow processpreseres the behaior of the original
process A foundationalstudyof the applicationof inheritanceof behaior to tackling problemsrelatedto
processchangesn workflov managementanbefoundin [4].

Finally, anissuethattranscendsll the aborementionedopicsfor future work is the collection of ex-
perimentakesultsfor the four inheritancerelationsof this paper(aswell asfor ary future variantsof these
relations).Ultimately, only practicalresultscanvalidateour approacho inheritanceof behaior. Suchprac-
tical experiencemight alsoshedmorelight on the questionof which type of inheritances usefulfor what
kinds of applicationsandapplicationareas.

Related work The literature on object-orienteddesignand its theoreticalfoundationscontainssereral
studiesrelatedto the researchdescribedn this paper In [75], abstractiorin a process-algebraisettingis
suggestedis an inheritancerelation for behaior. However, only a few examplesare studied. Basedon
theseexamplesthe authorconcludeghatabstractioris usefulbut not alwayssuficientto capturedesirable
subclasselationships Life-cycle inheritanceasintroducedin this paper which combinesabstractiorwith
encapsulations sufficiently powerful to prove the desiredsubclasselationshipsn the examplesof [75].

Otherresearchon inheritanceof behaior or relatedconceptssuchas behaioral subtypingdescribes
bothfundamentaktudies suchas|7, 22, 25, 29, 42, 28, 49, 50,51, 56, 57, 62, 63, 67], anda few practical
studiessuchas[48, 52]. Thefundamentaktudiesall take a specificformalismfor specifyingthe dynamic
behaior of a classasa startingpoint; the practicalstudiesstartfrom concreteexamplesof desiredsub-
classrelationships.Besidesthe aforementionedeferencesbooks[43] and[44] canbe usefulfor readers
interestedn thetopic of inheritanceof behaior.

Thegivenreferenceslescribeawide variety of inheritanceandsubtyperelations.ln mary casesthere-
lationsshaw similaritiesto eitherprotocolinheritanceor projectioninheritancealthoughthe corresponding
conceptof blockingandhiding methodcallsarenever mentionedIn particular seseral of thefundamental
studiesmentionedabove arebasedon theidea— inspiredby the notion of substitutability— thata subclass
mustbe ableto accepiatleastall the sequencesf methodcallsthatits superclasss willing to accept.This
notionis closelyrelatedto ourconcepbf protocolinheritanceln generalpurwork distinguishestself from
the given referencedy the strongfocuson the orderingof methodcalls andthe constructie approachoy
meanf theaxiomsof inheritanceandtheinheritancerules. In addition,our notionof life-cycle inheritance
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is moregenerakthanmostof theinheritanceandsubtyperelationsappearingn the aborementionedvork.

Thevarietyin inheritancerelationsreportedin theliteratureis not very surprisingif oneconsidersfor
example,the large numberof semanticghat exist for concurrentsystemgsee,for example,[34]). There
simply is no single semanticof concurrentsystemshat is suitablefor all purposes.Similarly, it cannot
be expectedthat thereis a single inheritancerelation for behaior thatis always useful. However, it is
promisingthat similar conceptsappearto play a role in mary of the inheritanceand subtyperelationsfor
behaior currentlydescribedn theliterature.

Theresearctpresentedh this paperis alsorelatedto work in the areaof concurreng theory Therela-
tion is mostly atechnicalone. Recallthatour four inheritancerelationsarepreorderson objectlife cycles,
which are a specifickind of processes.In the literatureon concurreng theory mary preorderson vari-
ouskinds of procesanodelsappearfor mary differentpurposeqsee,for example,[34] for an overview).
Often, suchpreordergepresenso-calledimplementatiorrelationsor refinementrelations. Similar to our
inheritancerelations,theseimplementatiorand refinementrelationsare usedto structurethe designpro-
cess.However, conceptuallytheinheritancemechanismthe specification/implementatiomechanismand
stepwisaefinementrecomplementaryaysfor dealingwith theeverincreasingcompleity of designpro-
cessesOf coursethis doesnot excludethe possibility thattheideaspresentedhn this papercanbe usedto
supportthe specification/implementatn and stepwise-refinemerapproacheso design. An exampleof a
preorderthatis relatedto oneof ourinheritancerelationscomesfrom the areaof conformanceesting[23].
Conformancedestingis the problemof verifying by meansof testingwhethersomesystemmplementation
satisfiesa given specification.In [23], a testingrelation called “extends”is describedwhich is relatedto
protocolinheritance.

Bibliographical remarks This papersupersedesnetechnicalreport,namely[15], andtwo otherpapers,
namely[5] and[14]. Report[15] forms the basisfor the materialpresentedn Section4 of the current
paper In [5], an earlyversionis presenteaf the materialin Sections6 and7 of this paper whereaq14]
describeshecasestudyof Section8. Themeritof thecurrentpaperis thatit combinegheconceptuastudy
of inheritanceof behaior in thealgebraidrameawork, thetranslationof thealgebraiacconceptsnto themore
practicalPetri-netframework, andthe applicationof the conceptdn the casestudy In addition, mostof
the materialhasevolved over time. In particular the materialin Sections6 and7 hasbeenextendedand
improved whencomparedo the presentatiorin [5]. The formulationof the inheritancerulesin Section7
hasimproved in sucha way thatthey area goodcompromisebetweengeneralityand efficiengy andtheir
correctnesss provenin detail. In [5], eachof the rulesstill containsa requirementhat the resultof the
transformatioryields an objectlife cycle, which is a requirementhat canbe hardto verify; in addition,
someof the proofsin [5] areomitted,whereatherproofsaremuchsimplerdueto the extrarequirements
in theformulationof therules. As afinal remark.this paperis arevisedversionof [13, Chapterd] and[16].

Contribution Themain contrikution of this paperis the completeformalizationof the conceptof inher
itanceof behaior startingfrom the intuitive notionsof hiding and blocking methodcalls. The approach
focuseson the orderingof methodcalls andis constructie. In two differentformalisms,four inheritance
relationsaredefinedandinheritanceulesarepresentedhatcanbe usedto constructsubclassefom some
given class. To validatethe results,the theoryis appliedto a small casestudy The factthatthe concepts
presentedn this papertranscendhe two formalismsof processalgebraandPetrinetssupportghe conclu-
sionthatthe notionsof hiding andblockingmethodcallsplay animportantrolein studyingandformalizing
inheritanceof behaior.
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