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Abstract. Process mining relies on the ability to discover high-quality process
models from event data describing only example behavior. Process discovery is
challenging because event data only provide positive examples and process mod-
els may serve different purposes (performance analysis, compliance checking,
predictive analytics, etc.). This paper focuses on the discovery of accepting Petri
nets under the assumption that both the event log and process model are directly-
follows complete. Based on novel insights, two new variants (0¢** and @?:) of
the well-known Alpha algorithm (x':®) are proposed. These variants overcome
some of the limitations of the classical algorithm (e.g., dealing with short-loops
and non-unique start and ending activities) and shed light on the boundaries of
the “directly-follows completeness” assumption. These insights can be leveraged
to create new process discovery algorithms or improve existing ones.
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1 Introduction

Process mining is increasingly adopted by larger organizations to find and remove in-
efficiencies, bottlenecks, and compliance issues [1]. There are over 40 process min-
ing vendors (cf. www.processmining.org) and more than half of the Fortune-
500 corporations are already using process mining [16]. Thousands of organizations
are extracting event data from systems such SAP, Salesforce, Oracle, ServiceNow, and
Workday to apply process mining. Despite the widespread use of process mining, many
challenges remain, ranging from data extraction and scalability to discovering better
process models and providing better diagnostics.

Although most process mining tools support the discovery of higher-level models
visualized in terms of BPMN (Business Process Model and Notation) (next to confor-
mance checking and predictive analytics), in practice process analysts and managers
mostly use the so-called Directly-Follows Graphs (DFGs) to get initial insights. In a
DFG all activities and their frequencies are shown. The activities are connected through
directed edges that show how often one activity is followed by another activity within
the same case (i.e., process instance). These edges can also be annotated with dura-
tions (minimum, maximum, mean, etc.), because events have timestamps. The creation
of DFGs is simple and highly scalable. However, there are also many limitations (e.g.,
producing complex underfitting process models), as discussed in [2].
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Fig. 1. Accepting Petri net AN discovered for L1 = [(a,c, e, f)?, (a, e, ¢, )*, (a,b,c, e, )%,
{a,b,e,c, £)3,(a,e,b,¢, )2, {a,b,b,c,e, )3, {a,b,b,e,c, f)?,(a,e,b,b,c, )2, {a,c, e d,c,
e,f}z, (a,e,c,d, c,e,f)z, (a,c,e,d,b, c,e,f>2, (a,e,c,d,b, b,c,e,f)27 (a,b,c,e,d,c, e, f),
(a,b,e,c,d,e,c, f),{(a,e,b,cd,ce, f),{a,b,cede,c,f) {abcedcedcedb,e,
b,c, f),{a,c,e,d,c,e,d, e, c, f)] using the new Alpha algorithm.

To overcome the limitations of DFGs, dozens (if not hundreds) of process discovery
techniques have been developed. The core idea is very simple. The input (i.e., an event
log) can be viewed as a multiset of traces. Each trace corresponds to a case, i.e., one
execution of the process for a patient, order, student, package, etc. A trace is represented
as a sequence of activities. Since multiple cases may exhibit the same sequence, we need
to consider multisets. L; = [(a,c,e, f)°, {a,e,c, f)*,...] in the caption of Figure 1
describes such an event log, e.g., there are five cases following the sequence (a, ¢, e,
f). Note that in this compact representation, we abstract from timestamps, resources,
costs, etc. Based on such input, we would like to produce models such as the accepting
Petri net AN shown in Figure 1. AN is able to produce all the traces in L;. Note that
activity e is concurrent to b and ¢ such that ¢ and e occur the same number of times (at
least once) and b can occur any number of times.

Fig. 2. Accepting Petri net AN} discovered for L, using the classical Alpha algorithm.

The original Alpha algorithm [1, 5] was the first algorithm able to discover concur-
rent process models from event logs. The algorithm assumes that the underlying pro-
cess can be represented as a free-choice structured workflow net without short loops.
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For this class of process models, the algorithm guarantees to return the correct process
model assuming a directly-follows complete event log [5]. For process models outside
this class, the results are unpredictable. The discovered model may be underfitting or
not sound. The limitations were already investigated in the original paper. One of the
problems is the inability to discover short loops. This is illustrated in Figure 2, which
shows the process model when applying the original, over twenty year old, Alpha algo-
rithm. The self-loop involving b and the length-two loops involving d cause problems.
Activities b and d are disconnected and it is impossible to replay parts of the event log
L;. The Alpha algorithm has more problems, some of which can be resolved by using
more information [24,25]. However, these extensions are complex and impose more
assumptions.

Fig. 3. Directly-Follows Graph (DFG) based on L;.

In this paper, we take a different route. We simply assume that the Directly-Follows
Graph (DFGQG) is all the information we have. For event log L1, we assume that the DFG
in Figure 3 is all we have. Moreover, we look beyond the traditional subclasses of Petri
nets. We do not assume workflow nets or the free-choice property. Instead, we focus on
structural directly-follows complete accepting Petri nets. The accepting Petri net AN
shown in Figure 1 is an example of this class of models. Therefore, we consider both
directly-follows complete event logs and structural directly-follows complete process
models. This provides novel insights and also leads to two new versions of the Alpha
algorithm that are as compact and simple as the original algorithm, but more powerful.

The remainder of this paper is organized as follows. Section 2 introduces event logs
and accepting Petri nets. Section 3 discusses different notions of directly-follows com-
pleteness and Section 4 lists the typical subclasses of Petri nets considered. Section 5
presents an improved version of the original algorithm that drops the workflow net as-
sumption. Section 6 changes the core part of the algorithm allowing for the discovery
of short loops. The paper ends with a discussion (Section 7) and conclusion (Section 8).

2 Preliminaries

In this section, we introduce basic concepts, but assume that the reader is (somewhat)
familiar with the basics of Petri nets and process mining. For completeness, we refer to
[1] for process mining and [13, 14] for an extensive introduction to Petri nets.

In process mining, multisets and sequences play an importantrole. B(X) = X — N
is a multiset over X. For example, if X = {a, b, c}, then [a3,b?, ] € B(X), [a*,V?] €
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B(X), [a%] € B(X) are three multisets each consisting of six elements. X* is the set
of sequences over X, e.g., 0 = (a,b,a,b,c) € X*. We use the standard operations on
multisets and sequences, e.g., {z € o} = {a,b,c} and [z € o] = [a®,b?, c].

We start by introducing event logs. An event log is a collection of events typically
grouped in cases, ordered by time, and labeled by activity names. In its simplest form
each event has a case identifier, an activity name, and a timestamp. Events can have
many more attributes, e.g., costs, resource, location, etc. There are also more sophisti-
cated event log notions, e.g., partially ordered events, events with explicit uncertainty,
and events that may refer to any number of objects of different types, see, for exam-
ple, the eXtensible Event Stream (XES, www.xes—-standard.org) standard and
Object Centric Event Log (OCEL, www .ocel-standard. org) standard. Here, we
consider the most basic setting and only consider the ordering of activities within cases.
This implies that an event log can be described as a multiset of traces, where each
trace is a sequence of activities (also called a process variant). An example trace is
o = {a, b, a). Many cases can have the same trace. Therefore, an event log is a multiset
of traces. E.g. L = [{a,b,a)'?, (b,a,a)®] is an event log with 60 events describing the
traces of 20 cases distributed over two process variants.

Definition 1 (Event Log). U, is the universe of activity names. A trace o = (a1, az,
ooy Q) € Uget™ is a sequence of activities. An event log L € B(Uget™) is a multiset of
traces.

In the caption of Figure 1, there is another (larger) example of an event log L; = [{a,
c,e, Y5, {a e c, ), (a,b,c e, f)*, {a,b,e,c, f)3,...], e.g., there are five cases corre-
sponding to trace (a, ¢, e, f), four cases corresponding to (a, ¢, ¢, f), etc.

Fig. 4. An accepting Petri net AN = (N, Minit, Mpna) with Miny = [pl], Mana = [p6], and
lang(AN2) = {{a,b,a), (b,a,a)}.

We use accepting Petri nets to model processes. Figure 4 shows an example ac-
cepting Petri net AN, allowing for two traces: (a,b,a) and (b, a,a). The Petri net
has six places P = {pl,p2, p3,p4, p5,p6} (represented by circles), four transitions
T = {t1,t2,t3,t4} (represented by squares), and 10 arcs F' = {(p1,t1), (¢t1,p2),...,
(t4,p6)}. Transitions can be labeled, e.g., [(t2) = a and [(t3) = b.

Definition 2 (Labeled Petri Net). A labeled Petri net is a tuple N = (P, T, F,l) with
P the set of places, T the set of transitions, PN'T =, F C (P x T) U (T x P) the
flow relation, and | € T + Uger a labeling function. ot = {p € P | (p,t) € F}is
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the set of input places and te = {p € P | (t,p) € F} is the set of output places of a
transition t € T. The same notation can be used for input and output transitions of a
placepe P:eop={t €T | (t,p) € F}andpe ={t € T | (p,t) € F}.

Note that the labeling function may be partial and that multiple transitions may have
the same label. For AN in Figure 4, t1 ¢ dom(l) and [(t2) = [(t4). It a transition ¢
has no label, i.e., t & dom(l), we also write [(t) = 7 and say the transition is silent or
invisible. In Figure 4, epl = (), ple = {¢1}, ot1 = {pl}, tle = {p2,p3}, etc. States
in Petri nets are called markings that mark certain places with fokens (represented by
black dots). Technically, a marking is a multiset of places M € B(P). An accepting
Petri net has an initial marking M;y;; and a final marking Mgpq;.

Definition 3 (Accepting Petri Net). An accepting Petri net is a triplet AN = (N,
Minit, Mfinai) where N = (P, T, F,l) is a labeled Petri net, M,n;y € B(P) is the
initial marking, and Mgpq € B(P) is the final marking. Uay is the set of accepting
Petri nets.

In AN, depicted in Figure 4, M,y = [pl] is the initial marking, and Mg, =
[p6]. A transition is called enabled if each of the input places has a token. An enabled
transition may fire (i.e., occur), thereby consuming a token from each input place and
producing a token for each output place. For example, firing ¢1 in the initial making
leads to marking [p2, p3|. There are 6 reachable markings starting from M,,;; = [pl]:

[p1]. [p2, p3]. [p2, 5], [p3, p4]. [p4, p5]. and [p6].

Definition 4 (Reachable Markings and Enabled Firing Sequences). Let AN = (N,
Minit, Mfinai) € Uan be an accepting Petri net with N = (P, T, F,l). M 4 My
denotes that in My € B(P) transition t € T is enabled and firing t results in marking
M, € B(P). My % M, with o = (t1,ta,...t,_1) € T* denotes that there are
markings Ma, ... M,_1 € B(P) such that M, N M1 for 1 < i < n, Le., there
is an enabled firing sequence o leading from M, to M. efs(AN) = {oc € T* |
ey Minit % MY} is the set of enabled firing sequences. rmk(AN) = {M €
B(P) | 3ger Minis > MY is the set of reachable markings.

Definition 5 (Liveness and Boundedness). Let AN = (N, My, Mfina) € Uan be
an accepting Petri net with N = (P, T, F,l). AN is live if for any reachable marking
M € rmk(AN) and every transition t € T, there exists a marking reachable from M
enabling t. AN is bounded if rmk(AN) is finite (i.e., there is a k such that no place can
have more than k tokens). AN is safe if for any M € rmk(AN)andp € P: M(p) <1
(i.e., each place holds at most 1 token in any reachable marking).

Accepting Petri net AN, in Figure 1 has six reachable markings and is safe, but
not live. AN, depicted in Figure 4 also has six reachable markings and is safe, but not
live. Adding a short-circuiting transition ¢, connecting p6 to pl (i.e., ot;. = {p6} and
tsc® = {pl}) in figures 1 and 4 makes both nets live.

Definition 6 (Complete Firing Sequences). Let AN = (N, M;:, M, ﬁmg) EUan be
an accepting Petri net with N = (P, T, F,1). cfs(AN) = {0 € T* | Minit = Mpinai}
is the set of complete firing sequences of AN, i.e., all firing sequences starting in the
initial marking My, and ending in the final marking Mgy, q1.
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For the accepting Petri net AN 5 in Figure 4, ¢fs(AN2) = {(t1,t2,t3,t4), (1,13,
t2,t4)}. The accepting Petri net AN in Figure 1, allows for arbitrary long complete
firing sequences. Hence, cfs(AN1) = {(t1,t3,t5,16), (t1,t2,t3,t5,t6), (t1,12,t5,t2,
t2,t3,t6), ...} has infinitely many elements.

Firing a transition ¢ corresponds to executing activity [(¢) if ¢ € dom(l). To map
complete firing sequences to traces, we apply labeling function / such that visible tran-
sitions are mapped onto activities and visible transitions are skipped. For AN, i.e., the
accepting Petri net in Figure 4, and the two corresponding complete firing sequences
o1 = (t1,12,t3,t4) and o2 = (t1,t3,12,t4): l(01) = (a,b,a) and I(o2) = (b, a,a).
Note that firing ¢1 cannot be observed and ¢2 and ¢4 are mapped onto the same activity
a.

Definition 7 (Traces of an Accepting Petri Net). Ler AN = (N, My, Mfina) €
Uan be an accepting Petri net. lang(AN) = {l(c) | o € c¢fs(AN)} are the traces
possible according to AN.

For the accepting Petri net AN in Figure 4, lang(AN2) = {{(a,b,a), (b,a,a)}.
The accepting Petri net AN in Figure 1, allows for infinitely many traces: lang(AN )
={{a,c,e, f),{a,b,c,e, f),{(a,be,bb,c, f),...}.

An accepting Petri net is sound, if there are no dead transitions and, from any reach-
able state, it is possible to reach the final state.

Definition 8 (Soundness). Let AN = (N, M;p;t, M ﬁml) € Uan be an accepting
Petrinet with N = (P, T, F,l). AN is sound if and only if (1) for any t € T there exists
ao € efs(AN) such that t € o (i.e., t is not dead), and (2) for any o1 € efs(AN)
there exists a oo € T* such that 01 - 09 € cfs(AN) (i.e., from any reachable marking,
it is possible to reach the final state).

Discovering a process model from a collection of example traces is one of the main
process mining tasks. Ideally, the discovered process model is sound.

Definition 9 (Process Discovery). A discovery algorithm disc € B(Uaet™) — Uan
produces an accepting Petri net for each event log.

Many algorithms described in literature implement a discovery function disc €
BUuet™) = Uan, e.g., [4,5,9-11,20,17-19,21,24-27]. Not all are explicitly discov-
ering accepting Petri nets. However, also process trees can be converted into accepting
Petri nets and if an explicit final marking is missing it can often be added.

Definition 10 (Conformance Checking). Let Ug;q4 be the universe of conformance
diagnostics. A conformance checking algorithm conf € B(Uget™) X Uan — Udiag
produces conformance diagnostics given an event log and accepting Petri net as input.

Conformance checking is a topic in itself [1, 3, 12,22]. Therefore, we do not de-
tail the type of diagnostics U g;44. Most conformance measures are normalized to [0, 1]
where values close to 0 are bad and values close to 1 are good.

Conformance diagnostics may focus on (1) recall, also called (replay) fitness, which
aims to quantify the fraction of observed behavior that is allowed by the model, (2)
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precision, which aims to quantify the fraction of behavior allowed by the model that
was actually observed (i.e., avoids “underfitting” the event data), (3) generalization,
which aims to quantify the probability that new unseen cases will fit the model (i.e.,
avoids “overfitting” the event data), and (4) simplicity, which refers to Occam’s Razor
and can be made operational by quantifying the complexity of the model (number of
nodes, number of arcs, understandability, etc.).

Let’s try to operationalize recall and precision. Recall is concerned with traces in
the event log not possible in the model, i.e., Lo = [0 € L | 0 & lang(AN)).
Precision is concerned with traces possible in the model, but not appearing in the event
log, i.e., Lypiss = {0 € lang(AN) | o & L}. However, this is not so simple. The event
log contains only example behavior (a sample) and any model with loops has infinitely
many traces. In such cases L,,;ss has infinitely many elements by definition. If the
model aims to describe the mainstream behavior, then L,,,5; may contain exceptional
behavior that was left out deliberately. Moreover, traces may be partly fitting and one
often wants to strike a balance between precision (avoiding “underfitting” the sample
event data) and generalization (avoiding “overfitting” the sample event data).

These considerations make process mining different from many other model-learning
techniques such as synthesis, system identification, grammatical inference, regular in-
ference, automata learning [6-8, 15, 23]. The field of model learning can be structured
using three dimensions: (a) only positive examples versus positive and negative exam-
ples, (b) input data is complete (in some form) or not, (c) passive learning (just observa-
tions) versus active learning (interactions). Process mining focuses on passive learning
using only positive examples with only weak completeness guarantees. This makes it
very difficult. For example, it is impossible to actively test hypotheses.

A detailed discussion of process discovery and conformance checking techniques
(including possible quality criteria) is outside the scope of this paper (see [1, 3, 12,22]
for details).

3 Directly-Follows Completeness

Most process discovery algorithms heavily rely on the directly-follows relation, i.e.,
activities following each other directly, either in the event log or process model. The
goal is to find models that have the same directly-follows relation as seen in the event
log. The motivation to do this is simple. One cannot expect to see all possible traces in
an event log. The event log only contains a sample. However, it is reasonable to assume
that one can witness the complete directly-follows relation in the event log, i.e., if a can
be followed by b we should see it at least once in the input data.

In the section, we define different directly-follows completeness notions, also con-
sidering the structure of the accepting Petri net.

Consider event log Ly = [{a,c,e, f)5, (a,e,c, )4, {a,b,c,e, f)*, {a,b,e,c, f)3,
{a,e,b,c, f)3,{a,b,b,c,e, f)3,{(a,b,b,e,c, f)2,(a,e,b,b,c, f)2,(a,c,e,d,c e, f)?, {a,
€, C, da G e, f>27 <(L, G 6, da bv G €, f>2’ <a7 €, ¢, da ba b? ¢ 6, f>2? <a’ b? ¢ 6, da G e, f>a <a’7 bv
e,c,d,e,c, f),(a,e,b,e,d,c e f),{a,b,c e d,ec f){abcedcedcedbe,b,
¢, f),{a,c,e,d, e e d, e, c, f)] and accepting Petri net AN; shown in Figure 1. Assume
that L., was obtained by repeatedly simulating the accepting Petri net AN ;. In this case,
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we have a known ground truth, because we want the discovery algorithm disc to dis-
cover AN based on Ly, i.e., disc(L;) = AN;. However, due to the two loops and
concurrency, there are many possible traces. The self-loop involving b and the length-
two loops involving d allow for an arbitrary number of b’s, ¢’s, d’s, and e’s in a single
trace. Hence, one cannot expect to observe all possible traces. In fact, this is impossi-
ble. One can try to increase the sample (i.e., the number traces in the event log), but the
foundational problem remains: we only have example traces. However, event log L; is
directly-follows complete with respect to model AN ;. This is reflected by the Directly-
Follows Graph (DFG) in Figure 3. To explain directly-follows completeness, we first
define some core concepts.

Definition 11 (Adding Artificial Start and End Activities). » & U, is an artificial
start activity, ® & Uy, is an artificial end activity, Uper = Uger U {»,m}. For any
0 € Upet", 6 = () -0-(m). Forany L € B(Uget™), L= [6 | o € L]. For any
S g uact*,

W
Il
—_
S)
q
m
n
——

The “hat notation” adds artificial starts and ends to traces, languages, and event logs.
For Ly = [{a,b,a)?, (b,a,a)*]: Ly = [(»,a,b,a,m)>, (» b, a,a,m)?].

Definition 12 (Log-Based Directly-Follows Relation). Let L € B(Uyc ™) be an event
log.

- act(L)=[o(i) | 0 € L N 1 <1 <|ol|]is the multiset of activities in the event log
(note that o (i) is the i-th element in the sequence o).

- df(L) = [(0(i),0(i+1)) |0 € L A1 <i < |o|] is the multiset of directly-follows
relations in the event log (note that the artificial start activity » and end activity &
have been added to the traces in L ).

- ay =, azifand only if (a1, a2) € df (L), a1 #, az if and only if (a1, az) & df (L),
and a1 <, ag if and only if a1 =, as and az =, a;.

Take again Ly = [(a, b,a)%, (b, a,a)*]: act(Lz) = [a*®,b%], df (L2) = [(»,a)®, (»
,0)%, (a,a)*, (a,b)?, (b,a)?, (a,m)?]. Hence, we can write » =, a,b =, a,b 7, b,
a =, W, et. Similar relations can be obtained for process models as is defined next.

Definition 13 (Behavioral Model-Based Directly-Follows Relation). Let AN = (N,
Minit, Mfinai) € Uan be an accepting Petri net with S = lang(AN) as possible
traces.
— act’(AN) = {o(i) | 0 € S A 1 < i < |o|} is the set of activities possible
according to the model’s behavior.
- dfP(AN) = {(0(i),0(i+1)) | 0 € S A 1 <i < |o|} is the set of directly-follows
relations possible according to the model’s behavior.
- ay :>€W ag if and only if (a1, a9) € dfb(AN), ax ZN ag if and only if (a1, a2) &

dfb(AN), and a; (:)ZN as if and only if a; :>ZN as and as :>ZN aj.

For the accepting Petri net AN, in Figure 4, we find act’(ANy) = {a, b}, df*(AN>)
— - b b
={(»,a),(»,b),(a,a),(a,b), (b,a), (a,m)}. Hence, we can write » =y, GO =5

b b
a, b 7£>AN2 b, a =i, ® etc.
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Next, we consider a novel concept that takes the structure of the accepting Petri net
into account. For this, we only consider sound models where all transitions have a label
(no silent transitions). Each place has a set of input and output transitions. These are in
a structural directly-follows relation. If t; € ep and t, € pe, then we expect — based on
the structure — that activity I(¢1) can be directly followed by activity I(¢2). If multiple
places in the Petri net can be enabled concurrently, the same is expected to hold for the
input transitions of one place and the output transitions of another concurrently marked
place.

Definition 14 (Structural Model-Based Directly-Follows Relation). Let AN = (N,
Minit, Mfinai) € Uan be a sound accepting Petri net with N = (P,T,F,l) and
dom(l) =T.
- act®(AN) = {l(t) | t € T} is the set of activities in the model (consider only
structure and not behavior).
= df*(AN) = {(U(t1),U(t2)) | Insermb(AN) Tpipoem t1 € op1 A ta € pre} U{(»
() | Fpensy, t € poU{(I(t), W) | pensy,. t € op} is the set of directly-follows
relations possible according to the model’s structure.
- ay =5, ag if and only if (a1,a2) € df°(AN), a1 %5, as if and only if (a1, a2) &
df*(AN), and ay <5, as if and only if a1 =5 az and ay = a;.

Fig. 5. Accepting Petri net AN 5 that is not structural directly-follows complete.

act*(AN) = act’(AN) by definition for sound accepting fully labeled Petri nets.
However, df*(AN) and df°(AN) do not need to be the same. Consider for example
accepting Petri net AN in Figure 5. df*(AN3) = {(»,a), (»,b), (a,c), (a,d), (a, e),
(b, ), (b, d), (b,€), (¢, ), (c.c), (d, W), (c, W)}, but df* (AN3) = {(»,a), (1), (a,0),
(b,¢), (c,d), (c,e),(d,m),(e,m)}, ie., the relations corresponding to places p3 and p4
are missing.

Based on accepting Petri net AN 3 in Figure 5, we consider two related event logs:
L3 = [{a,c,d)?, (b,c,e)!°] and L = [{(a,c,d)?, {(a,c, €)%, (b, c,d)5, (b, c,e)’]. Event
log L3 could have been generated by simulating AN 3, but L% could not (e.g., (a, c, €)
is not possible). However, both have the same directly-follows relations (shown in Fig-
ure 6). Both event logs are directly-follows complete for AN 5.

Definition 15 (Directly-Follows Complete Log). Ler L € B(U,.+") be an event log
and AN = (N, Mz, Mﬁnal) € Uan be an accepting Petri net. L is directly-follows
complete for AN if df (L) = df°(AN).
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Fig. 6. Directly-follows graph based on the behavior of the accepting Petri net in Figure 5. Note
that the long-term dependencies between a and d, and b and e are missing because these activities
never directly follow one another.

Note that df (Ls) = df(L}) = df°(AN3) = {(»,a),(»,b), (a,c), (b,c), (¢, d),
(c,e), (d,m), (e,m)}. Hence, both event logs are directly-follows complete with respect
to ANg

Obviously, models like AN 5 are difficult to discover. Region-based techniques are
able to find the places p3 and p4, but are unusable for real-life data sets because they
produce complex overfitting process models and are not scalable. Therefore, we are
interested in the class of structural directly-follows complete accepting Petri nets.

Definition 16 (Structural Directly-Follows Complete Model). Let AN = (N, M,
M¢ina) € Uan be a sound accepting Petri net with N = (P, T, F,1) and dom(l) = T.
AN is structural directly-follows complete if df*(AN) = df*(AN).

Note that Definition 16 does not depend on a log. It is a model property. AN
in Figure 1 is structural directly-follows complete, AN 3 in Figure 5 is not. Figure 7
shows that the free-choice property and structural directly-follows completeness are
independent.

(a) Not free-choice, but directly-follows complete (b) Free-choice, but not directly-follows complete

Fig.7. Two accepting Petri net: (a) AN4 is not free-choice, but structural directly-follows com-
plete (e.g., d can be directly followed by both f and g) and (b) AN is free-choice, but not
structural directly-follows complete (despite p4, activity b is never directly followed by e).

4 Subclasses of Accepting Petri Nets Relevant For Process Mining

Properties such as soundness, liveness, and boundedness are behavioral properties.
Structural directly-follows completeness is both structural and behavioral. In this sec-
tion, we list properties relevant for process mining that are structural.
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Definition 17 (Structural Properties). Ler N = (P, T, F, 1) be Petri net.
— N is a state machine if for allt € T: |ot| < 1 and |te| < 1.
— N is a marked graph if for all p € P: |ep| < 1 and |pe| < 1.
N is free-choice if for all t1,ty € T with et N ety # (): et; = ety
N is uniwired if for all t1,t2 € T: |[t10 N oty] < 1.
N is join-free if for all p € P and t € pe: |op| < 1 or |et| < 1.
N is free of self-loops if for all t € T: ot N te # ().
N is free of length-two loops if for all t1,t5 € T: tie N ety = () or toe N ety = (.
N is free of PT handles if for all p € P and t € T there are no two elementary
paths from p to t sharing only p and t.
— N is free of TP handles if for allp € P and t € T there are no two elementary
paths from t to p sharing only p and t.
— N is a workflow net if there is one source place py. € P and one sink place pm € P
such that ep, = pmge = () and all nodes are on a path from py. 10 pa.

Note that these properties consider only the net structure (i.e., the initial marking
and behavior are not considered). Free-choice nets separate choice and synchroniza-
tion and most process discovery algorithms aim to produce free-choice nets (note that
process trees and basic BPMN models with XOR and AND gateways correspond to
free-choice nets). Block-structured process models (e.g., process trees) are also free of
PT and TP handles. The basic Alpha algorithm has difficulties dealing with self-loops,
length-two loops, and non-free-choice constructs. Workflow nets have places explicitly
indicating the start and the end of the process.

In the remainder, we focus on regular accepting Petri nets as our target model.
Such nets have desirable properties such as safeness, soundness, and have no silent or
duplicate activities.

Definition 18 (Regular Accepting Petri Nets). AN = (N, Min;, Mfina) € Uan is
a regular accepting Petri net if AN is safe, sound, and | is bijective (i.e., a one-to-one
correspondence between transitions and activities).

The following theorem is a generalization of Theorem 4.1 in [5].

Theorem 1. Let AN = (N, Minit, Mfinai) € Uan be a regular accepting Petri net.
For any two transitions t1,ty € T such that t; e N ety = 0: if [(t7) :ZN I(t2), then
l(tg) :>ZN l(tl).

Proof. For simplicity, we assume that [ is the identity function (this can be achieved by
renaming transitions using bijection [). Leta,b € T, aeNeb = (), and a :>’;N b. We
need to prove that b :>Z yalfa= b, this holds trivially. Hence, we assume a # b.
Because a =% b, there is a trace o1 - (a,b) - 02 € lang(AN). Because a e N e b = 0,
o1 - (b) is enabled. If o7 - (b, a) is not enabled, then b removes a token from an input
place of a without returning it (remember that AN is safe). However, if a consumes
the token first, then b can no longer fire (leading to a contradiction), i.e., o1 - (b, a) is
enabled. Therefore, o1 - (b,a) - 03 € lang(AN) and b = a. O
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5 The o' and o' Algorithms

The original Alpha algorithm was developed over two decades ago [5]. We refer to the
original algorithm as a'-?. It was described in publications such as [1, 5] and during the
development of ™'Y it was already proven that any Structured Workflow Net (SWN)
without self-loops can be “rediscovered”, i.e., a directly-follows complete event log
obtained by simulating SWN contains enough information for the algorithm to discover
the SWN again (modulo renaming of places). An SWN is free-choice, join-free, has a
source and sink place, and no implicit places (cf. Definition 17). As pointed out in [1, 5],
a9 has many known limitations. The algorithm assumes that the event log is directly-
follows complete and that all behavior observed should be captured in the model (i.e.,
no noise and infrequent behavior). Moreover, it has problems dealing with short loops
and processes that cannot be expressed as a workflow net.

Over the last two decades, there have been many proposals to “repair” o' e.g.,
[24,25]. However, these alternative approaches assume information that goes beyond
the directly-follows relation and most of them are much more complicated (with many
case distinctions). In this paper, we propose two variants of !0 o!! and v?®. These
are as simple as the original algorithm, but allow for the discovery of a larger class
of process models. In this section, we introduce r'*! which is close to &'-? and only
changes the initial and final parts of the process model to allow for non-workflow nets.

Definition 19 («''! Algorithm). The o'*! algorithm implements a function disc,1.1 €

BUaet™) — Uan that returns an accepting Petri net discq.1(L) for any event log
L € BUyer*). Let A= act(L) and A = AU {»,m}.

1. Cnd(L) = {(A1,42) | Ay CA AN AL #0 A Ay CTA AN Ay #0 A
(val EA1VG26A2 ay =, a2 A az 7é>L al) A (va1,a2€A1 ay 7é>L a2) A (va17a26A2 ai 7é>L
as)} are the candidate places,

2. Sel(L) = {(Al,Ag) S C’nd(L) | V(A’l,A’Q)eCnd(L) A C All N Ay C AIQ =
(A, Ay) = (A, AL)} are the selected maximal places,

3. P={pa,,a,) | (A1, A2) € Sel(L)} is the set of all places,

4. T ={t, | a € A} is the set of transitions,

5. F = A{(ta,p(a,,45)) | (A1, A2) € Sel(L) A a € At N A} U {(p(a,,a,),ta) |
(A1, Ag) € Sel(L) N a € Ay N A} is the set of arcs,

6. 1 ={(ta,a) | a € A} is the labeling function,

7. Minis = [p(a,, a,) € P [»€ A1) is the initial marking, Mfina = [pa,,a,) € P |
B € Ay is the final marking, and

8. discqr1(L) = (P, T, F,1), Minit, Mfina1) is the discovered accepting Petri net.

The first two steps are most important. Set Sel(L) defines the set of places in terms
of preceding and succeeding activities. Steps 3—8 are mostly bookkeeping, i.e., all the
elements in Sel(L) are mapped onto places with the corresponding connections. »
and m are placeholders for the start and end of the process and are not mapped onto
transitions, but define the initial and final marking.

Figure 8 shows a simple example highlighting the difference between o' and
a1, For the event log L = [{(a,b)!°, (b, a)!9], the a*! algorithm specified in Defi-
nition 19 generates the correct regular accepting Petri net shown in Figure 8(a). 'Y
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p2 t2 p4 t4
(a) (b)

Fig. 8. Improvement over the original algorithm: (a) shows the correct model AN¢ obtained
by a*! and (b) shows the incorrect model AN§ obtained by av'® for the event log L =
[(a,0)'°, (b,a)"].

tries to create a workflow net with only one initially marked place (cf. Figure 8(b)).
The model in Figure 8(b) is unable to replay any of the traces in the event log, whereas
the model in Figure 8(a) is able to replay all and does not allow for unseen behav-
ior. The original algorithm does not allow for concurrent initial and final activities and
also does not allow for initial and final activities occurring at different positions. For
L = [{a,b)'°, (b,a)'°]: » =, a,» =, b,a =, b,b =, a, a =, W, and b =, m. Hence,
Cnd(L) = Sel(L) = {({»},{a}), ({»},{b}), ({a}, {m}), ({0}, {m})}. Note that p1

corresponds to ({»}, {a}), etc.

ORE b e

pl p2 t2 p3 t3 p4
d

Fig. 9. &' produces an incorrect model for Ly = [{a, b, c)'°, {a,b,d, a,b,c)®, (a,b, ¢, e, b, )5,
{a,b,d,a,b,c,e,b,c)?, {a,b,c, e b, d,a,b,c)?]. Note that none of the traces can be replayed.

Another event log where !0 fails and a!*! produces the desired model is Ly =
[{a,b,c)'0 (a,b,d,a,b,c)®, (a,b,c,e,b,c) (a,b,d, a,b,c,eb,c)? (ab,ceb,d a,b,
¢)?] for which » =, a,a =, b,b =, ¢, b =, d,c =, e,c =, B, d =, a,
and ¢ =, b. Sel(L) = {({wd}. {a}), ({a, e}, {61, (16}, (), ({c, {e,m})} de-
scribes the four places, e.g., P({pd},{a}) i8 initially marked, ep((p 41,1a}) = {d}, and
P({».d}.{a})® = {a}. Figure 9 shows the incorrect model produced by the ar'-* algo-
rithm. Figure 10 shows the correct model produced by the ov''! (and later >?) algo-
rithm. Note that the latter model is able to replay all traces.
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e
t5
a b [ O
pl t1 p2 t2 p3 t3 p4
d
t4

Fig. 10. o' produces the desired model is L.

6 The o> Algorithm

The a'! algorithm overcomes some of the limitations of the original a*¥ algorithm,
but for “internal places” the characteristics are essentially the same and short-loops are
still a problem. For L; = [{(a, ¢, e, f)®,...] in Figure 1, still the incorrect accepting Petri
net AN (Figure 2) is discovered due to the self-loop involving b and the length-two
loop involving ¢ and d. The requirements used in Cnd(L) (Definition 19) are always
violated for short loops. For any (A1, A2) € Cnd(L): if a =, a, then a cannot be part
of A; and a cannot be part of A,. For any loop of length 2 involving a and b, we have
a =, band b =, a and the condition ¥y, c 4, Va,c4, a1 =, a2 A a2 7, a1 used in the
computation of Cnd (L) is violated for places connecting a and b.

For Ly, we have b=, b due to the self-loop involving b, and ¢ =, d and d =, c due
to the length-two loop involving ¢ and d. Therefore, there cannot be a place connecting
b to itself or a place connecting c to d or d to c. This can be solved by changing only the
first step of the ! algorithm specified in Definition 19.

Definition 20 (?-° Algorithm). The o> algorithm implements a function disc,2.0 €
BUaet™) — Uan that only differs from disco1 in the first step (computation of
Cnd(L)). The rest is the same as in Definition 19.

Cnd**(L) = {(A1, A3) | AL CA N Ay CAN (1)
(Varea, Vasea, a1 =, az) A 2)
(arean A, Taseanna, a2 7o, a1) A 3)
(VareA, Yasea\a, a1 7, a2) A C)
(Varean\A; Vasea, a1 7, 02)} (5)

Candidate places are again represented by pairs of sets of activities. (A, A3) €
Cndz'O(L) should still be such that elements of A; are in a directly-follows relation
with elements of As. However, it is no longer required that the reverse never holds,
i.e., we no longer demand that V,, c 4, Va,c 4, a2 7, a1. Instead, we assume the weaker
requirement that 3, c 4.\ 4, Japc 45\ 4, G2 7, a1. This implies that A; # (@ and Ay # 0.
Note that a; € Ay \ A and ay € As \ A such that ay 7, ay ensures that there is
an activity a; producing a token for the place without removing it and an activity as
consuming a token from the place without putting it back.
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Consider the event log L = [{a,b,d)*°, (a,b, ¢, b,d)3, (a,b,c,b,c,b,d)?, {a,b,c,b,
¢, b, ¢, b, d)]. The @ algorithm discovers the loop of length two and returns the correct
Petri net. The model returned by o' ® and ' only allows for trace (a, b, d) and leaves
c disconnected from the rest.

The > algorithm is also able to discover the regular accepting Petri net AN
shown in Figure 1. Note that o?-? inherits all the improvements of the ov'*! algorithm.
Actually, the algorithm is able to discover all structural directly-follows complete mod-
els in this paper. Describing the exact conditions under which the o?* algorithm is
able to rediscover the correct model based on a directly-follows complete event log is
outside the scope of the paper. However, the examples clearly show that the class of
correctly discovered process models is extended significantly.

The o''! and ?© algorithms have been implemented in ProM by Aaron Kiisters.
(The reader can download the ProM Nightly Build from www.promtools.org.)
Experiments show that for most event logs more places can be discovered compared to
the original algorithm, i.e., there are fewer transitions without any connecting places.
Since there is no guarantee that all places are fitting for arbitrary processes, a check has
been added to remove places that cannot replay a predefined percentage of cases.

7 Discussion

The >V algorithm is able to rediscover accepting Petri nets such as AN in Figure 1,
ANy in Figure 7(a), ANg in Figure 8(a) based on a directly-follows complete event
log. The ¥ algorithm is of course unable to discover models from event logs that are
not directly-follows complete. It fully depends on =, but this is a reasonable assump-
tion. What has not been observed cannot be discovered! The o algorithm is also
unable to discover models that are not structural directly-follows complete. The notion
of structural directly-follows complete was introduced in this paper. Accepting Petri net
AN 3 in Figure 5 is not structural directly-follows complete because a 7%, d and b %, e
although there are places (p3 and p4) connecting these activities. Accepting Petri net
AN 5 in Figure 7(b) is not structural directly-follows complete, because b #-, e while
there is a place (p4) connecting b to e.

Such problems are unavoidable when assuming directly-follows completeness. There-
fore, directly-follows-based algorithms like the a>® algorithm need to be supported by
pre- and post-processing techniques. Here, we discuss some examples.

An obvious preprocessing step is the filtering of activities and variants as described
in [2]. The approach is to first remove infrequent or chaotic activities and then order
the remaining variants by frequency (selecting the most frequent ones). Note that most
event logs follow a Pareto distribution, i.e., most of the behavior is explained by a
limited number of activities and variants.

An obvious postprocessing step it to remove places that do not fit. One can use
the ?0 algorithm and then check every place individually. This can be done very
efficiently. For a place p, one can first look at the sum of the absolute frequencies of the
activities represented by ep and compare this with the sum of the absolute frequencies
of the activities represented by pe. If there is a substantial mismatch, the place can be
discarded or repaired. It is also possible to project the event log onto activities ep U pe
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and perform token-based replay or alignments. This can be done very efficiently for a
single place. It is possible to set a threshold to retain only the places that fit a minimum
percentage of traces. In general, process mining tools should avoid producing models
that have known problems.

p3 t5 p5

Fig. 11. Accepting Petri net AN having the same directly-follows relations as AN1, i.e.,
df*(AN1) = df*(ANY).

It is also possible to improve discovery by exploiting the fact that we are interested
in safe accepting Petri nets, i.e., there should not be two tokens in the same place for
a particular case. This can be exploited to rule out certain constructs and speed-up the
implementation of the algorithm and postprocessing.

It is important to note that there are processes that are behaviorally different, but
have the same directly-follows relation. Figure 11 shows an accepting Petri net AN
such that df*(AN 1) = df®(AN"), i.e., the corresponding DFGs are identical (the DFG
shown in Figure 3) although the behaviors are different. This shows the weakness of any
algorithm relying on directly-follows relations only.

Figure 12(a) maps the arcs of the DFG shown in Figure 3 (based on event log L)
onto the places of accepting Petri net AN in Figure 1. Figure 12(b) maps the same
arcs onto the places of accepting Petri net AN| in Figure 11. Note the difference in the
connections between d and e. Figure 12 nicely illustrates that bidirectional arcs either
correspond to concurrency or loops of length two. Often it is clear whether bidirectional
arcs correspond to concurrency or loops of length two. However, this cannot always be
decided based on just the DFG as the example shows.

Another possible refinement is to consider more elements of Cnd?*“(L). We now
consider only the maximal elements when applying Sel(L) to the candidates gener-
ated in the first step. However, if we can quickly check places on projected event
logs, it is possible to select the “largest one” of good quality. Instead of replaying, we
can first check the total number of produced and consumed tokens for a place. Given
(A1, As) € Cnd*°(L), we can compare Y, > aca, |la € a]] (tokens produced
for the candidate place) and » 0, ., >, 4, | [a € o] | (tokens consumed from the can-
didate place). If these values are very different, we can discard candidate (A, As).
Instead, we pick the maximal candidate not having obvious quality problems.

Finally, there is the observation that regular accepting Petri nets (cf. Definition 18)
cannot produce arbitrary directly-follows relations :>Z  There is no regular accepting
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(b) Mapping of DFG arcs onto Petri net places in accepting Petri net AN;'

Fig. 12. Mapping the Directly-Follows Graph (DFG) based on L; onto the places of AN and
ANY.

Petri net AN with df®(AN) = {(»,a), (a,b), (a,c), (b,¢), (c,m)}. This knowledge
can be used to replace problematic edges in the directly-follows relation by silent activ-
ities before applying the a** algorithm. In this example, one should replace (a, c) by
(a,7) and (7, c) and then the ** algorithm produces the desired result.

8 Conclusion

Discovering accepting Petri nets from example data in such a way that the resulting
model is not overfitting or underfitting is extremely challenging. One cannot assume
that all possible behaviors are in the sample log. Therefore, one needs to resort to as-
sumptions like directly-follows completeness. The original Alpha algorithm (a!-%) was
based on this assumption. In this paper, we tried to push the boundaries of what can
be discovered using this assumption and also introduced the new concept of structural
directly-follows completeness. The insights obtained led to two new variants of the
original a*0 algorithm: a** and 0. The >V can correctly discover short-loops and
non-workflow-net structures. Combining these with the usual pre- and post-processing
steps (i.e., filtering and local checks) results in a discovery algorithm that is practically
usable. Future work aims at extensive experimentation of the presented approach and
detecting/repairing structures in directly-follows relations that cannot stem from a pro-
cess corresponding to regular accepting Petri net.
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