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Figure 1. A railway station

To avoid these problems, we propose delays described by an interval specifying

an upper and lower bound for the duration of the corresponding activity. On the

one hand, interval delays allow for the modelling of variable delays, on the other

hand, it is not necessary to determine some arti�cial delay distribution (as opposed

to stochastic delays). Instead, we have to specify bounds. These bounds can

be used to verify time constraints. This is very important when modelling time-

critical systems, i.e. real-time systems with `hard' deadlines. These hard (real-time)

deadlines have to be met for a safe operation of the system. An acceptable behaviour

of the system depends not only on the logical correctness of the results, but also

on the time at which the results are produced. Clearly, the control of a railway

junction is an example of such a system.

Now, let us focus on the the problem addressed by this paper. In this paper we study

a station and its access lines, i.e. a railway junction. The network of platforms,

accesslines, switches and track sections can be represented by a graph (see �gure 1).

In this particular example there are 6 access lines (A, B, ..) and 8 platforms or parts

of a platform (p11, p12, ..). Note that platforms, switches and track sections are

divided into logical sections. At any moment a section is either free of occupied.

A section is occupied if it is claimed (locked) by some train. Two trains cannot

occupy a section at the same time. There are three possible reasons for occupying

a section: (1) a train resides on the section, (2) the train will visit the section in

the near future or (3) the section is locked for safety reasons only.

We assume that the route-locking sectional-release principle (Bourachot [7]) is

used, i.e. a train which arrives claims an entire route (a list of sections), a section

is cleared when the train tail passes the release point of this section. An example of a

route from entry point A to exit point E is: s11,s12,s13,s14,p11,s5,p22,s25,s26.

A train t may enter the �rst section if and only if all the sections on that route are

free and subsequently these sections become claimed by train t. A claimed section

4 W.M.P. VAN DER AALST AND M.A. ODIJK

is occupied and it cannot be claimed by any other train until it is released. If a

train has to stop at a speci�c platform, then we identify two separate routes: one

from the entry point to the platform and one from the platform to the exit point

(e.g. s11,s12,s13,s14,p11,s5,p22 and p22,s25,s26).

Given arrival times of trains, stopping times and timing characteristics of sections,

platforms, trains, etc. we want to analyse: (1) throughput and waiting times of

trains and (2) occupation rates of sections. In this paper we will show that we can

use an approach based on interval timed coloured Petri nets to calculate upper and

lower bounds for these performance �gures.

In section 2 we introduce the ITCPN model. Section 3 deals with the analysis of

interval timed coloured Petri nets. In this section, we describe the MTSRT analysis

method. In section 4 we show how a station can be modelled in terms of an ITCPN.

We will also show some analysis results obtained by applying the MTSRT method

and other more traditional analysis methods.

2. Interval Timed Coloured Petri Nets

In this section we give an informal introduction to the ITCPN model. The formal

de�nition is given in appendix A. For the formal semantics of the ITCPN model

the reader is referred to [2] or [3]. We use an example to introduce the notion of

interval timed coloured Petri nets. Figure 2 shows an ITCPN composed of four

places (train in, busy section, free section and train out) and two transi-

tions (enter and leave). At any moment, a place contains zero or more tokens,

drawn as black dots. In the ITCPN model, a token has three attributes: a position,

a value and a timestamp, i.e. we can use the tuple hhp; vi; xi to denote a token in

place p with value v and timestamp x. The value of a token is often referred to as

the token colour. Each place has a colour set attached to it which speci�es the

set of allowed values, i.e. each token residing in place p must have a colour (value)

which is a member of the colour set of p.

The ITCPN shown in �gure 2 represents a section in a railway station, trains

arrive via place train in and leave the system via place train out. Sections are

either `free' or `busy'. Each section is represented by a token which is either in

place busy section or in place free section. There are three colour sets T = f

T1, T2, T3, .. g, S = f S1, S2, S3, .. g and T � S. Colour set T (train

types) is attached to place train in and place train out, colour set S (section

identi�ers) is attached to place free section. Colour set T � S is attached to

place busy section.

Places and transitions are interconnected by arcs. Each arc connects a place

and a transition in precisely one direction. Transition enter has two input places

(train in and free section) and one output place (busy section). Transition

leave has one input place (busy section) and two output places (train out and

free section).
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train_out

leaveenter

busy_section

free_section

<<train_in,T1>,1>

train_in

<<free_section,S1>,1>

[1,3]

Figure 2. An interval timed coloured Petri net which models one section

Places are passive components, while transitions are the active components. Tran-

sitions cause state changes. A transition is called enabled if there are `enough'

tokens on each of its input places. In other words, a transition is enabled if all

input places contain (at least) the speci�ed number of tokens (further details will

be given later). An enabled transition may occur (�re) at time x if all the tokens

to be consumed have a timestamp not later than time x. The enabling time of

a transition is the maximum timestamp of the tokens to be consumed. Because

transitions are eager to �re, a transition with the smallest enabling time will �re

�rst.
Firing a transition means consuming tokens from the input places and producing

tokens on the output places. If, at any time, more than one transition is enabled,

then any of the several enabled transitions may be `the next' to �re. This leads to

a non-deterministic choice if several transitions have the same enabling time.

Firing is an atomic action, thereby producing tokens with a timestamp of at least

the �ring time. The di�erence between the �ring time and the timestamp of such a

produced token is called the �ring delay. This delay is speci�ed by an interval,

i.e. only delays between a given upper bound and a given lower bound are allowed.

In other words, the delay of a token is `sampled' from the corresponding delay

interval. Note that the term `sampled' may be confusing, because the modeller

does not specify a probability distribution, merely an upper and lower bound.

Moreover, it is possible that the modeller speci�es a delay interval which is too

wide, because of a lack of detailed information. In this case, the actual delays (in

the real system) only range over a part of the delay interval.

The number of tokens produced by the �ring of a transition may depend upon the

values of the consumed tokens. Moreover, the values and delays of the produced

tokens may also depend upon the values of the consumed tokens. The relation

between the multi-set of consumed tokens and the multi-set of produced tokens

is described by the transition function. Function F (enter) speci�es transition

enter in the net shown in �gure 2:

dom(F (enter)) = fhtrain in; ti + hfree section ; si j t 2 T and s 2 Sg

For t 2 T and s 2 S, we have:

6 W.M.P. VAN DER AALST AND M.A. ODIJK

leaveenter

busy_section

free_section

[1,3]
<<busy_section,<T1,S1>>,3>

train_outtrain_in

Figure 3. Transition enter has �red

F (enter)(htrain in; ti + hfree section ; si) = hhbusy section ; ht; sii; [1; 3]i

(Note that htrain in; ti+ hfree section; si and hhbusy section; ht; sii; [1; 3]i are

multi-sets, see appendix A.1.) The domain of F (enter) describes the condition

on which transition enter is enabled, i.e. enter is enabled if there is (at least)

one token in place train in and one token in free section. This means that

transition enter may occur if there is a train waiting to enter the section and the

section is free. Note that, in this case, the enabling of a transition does not depend

upon the values of the tokens consumed. The enabling time of transition enter

depends upon the timestamps of the tokens to be consumed. If enter occurs, it

consumes one token from place train in and one token from free section and it

produces one token for place busy section. The colour of the produced token is a

pair ht; si, where t represents the train and s represents the section. The delay of

this token is an arbitrary value between 1 and 3, e.g. 2, 2:55 or 4=3. The situation

shown in �gure 3 is the result of �ring enter in the state shown in �gure 2. In this

case the delay of the token produced for busy section was equal to 2.

Transition leave is speci�ed as follows:

dom(F (leave)) = fhbusy section ; ht; sii j t 2 T and s 2 Sg

For t 2 T and s 2 S, we have:

F (leave)(hbusy section ; ht; sii) =

hhtrain out; ti; [0; 0]i + hhfree section ; si; [0; 0]i

Transition leave is used to represent trains leaving the section. If leave occurs, it

consumes one token from place busy section and it produces two tokens (one for

train out and one for free section) both with a delay equal to zero. If leave

occurs in the state shown in �gure 3, then the resulting state contains two tokens:

hhtrain out; T1i; 3i and hhfree section; S1i; 3i.

3. The MTSRT Method

In the ITCPN model, a delay is described by an interval rather than a �xed value or

some delay distribution. On the one hand, interval delays allow for the modelling



P
E
T
R
I
N
E
T

B
A
S
E
D

A
N
A
L
Y
S
I
S

O

F

R
A
I
L
W

A
Y

S
T
A
T
I
O

N
S

7

o
f
va
ri
ab
le
d
el
ay
s,
on
th
e
ot
h
er
h
an
d
,
it
is
n
o
t
n
ec
es
sa
ry
to
d
et
er
m
in
e
so
m
e
ar
ti
�
ci
al

d
el
ay
d
is
tr
ib
u
ti
o
n
(a
s
op
p
os
ed
to
st
o
ch
as
ti
c
d
el
ay
s)
.
T
h
es
e
d
el
ay
in
te
rv
al
s
ar
e
u
se
d

to
sp
ec
if
y
b
o
u
n
d
s
fo
r
d
u
ra
ti
on
s.
W
e
w
il
lu
se
th
es
e
b
ou
n
d
s
to
ve
ri
fy
ti
m
e
co
n
st
ra
in
ts
.

T
h
is
is
ve
ry
im
p
or
ta
n
t
w
h
en
m
o
d
el
li
n
g
ti
m
e-
cr
it
ic
a
l
sy
st
em
s,
i.
e.
re
a
l-
ti
m
e
sy
st
em
s

w
it
h
`h
ar
d
'
d
ea
d
li
n
es
.
A
n
a
cc
ep
ta
b
le
b
eh
av
io
u
r
o
f
th
e
sy
st
em
d
ep
en
d
s
n
ot
on
ly
o
n

th
e
lo
gi
ca
l
co
rr
ec
tn
es
s
of
th
e
re
su
lt
s,
b
u
t
a
ls
o
on
th
e
ti
m
e
at
w
h
ic
h
th
e
re
su
lt
s
ar
e

p
ro
d
u
ce
d
.
T
h
er
ef
o
re
,
w
e
ar
e
in
te
re
st
ed
in
te
ch
n
iq
u
es
to
ve
ri
fy
th
es
e
d
ea
d
li
n
es
an
d

to
ca
lc
u
la
te
u
p
p
er
an
d
lo
w
er
b
ou
n
d
s
fo
r
al
ls
o
rt
s
of
p
er
fo
rm
an
ce
cr
it
er
ia
.
T
h
is
is
th
e

re
as
o
n
w
e
d
ev
el
o
p
ed
th
e
M
o
d
i�
e
d
T
r
a
n
si
ti
o
n
S
y
st
e
m

R
e
d
u
c
ti
o
n
T
e
c
h
n
iq
u
e

(M
T
S
R
T
),
w
h
ic
h
w
a
s
p
re
se
nt
ed
in
[2
]
a
n
d
[3
].
B
ef
o
re
g
iv
in
g
a
sh
or
t
d
es
cr
ip
ti
on
of

th
is
a
n
al
ys
is
m
et
h
o
d
,
w
e
p
ro
v
id
e
a
b
ri
ef
su
rv
ey
of
ex
is
ti
n
g
te
ch
n
iq
u
es
w
h
ic
h
ca
n

b
e
u
se
d
to
an
a
ly
se
th
e
d
y
n
am
ic
b
eh
av
io
u
r
of
ti
m
ed
a
n
d
co
lo
u
re
d
P
et
ri
n
et
s.
T
h
e

te
ch
n
iq
u
es
m
ay
b
e
su
b
d
iv
id
ed
in
to
th
re
e
cl
as
se
s:
si
m
u
la
ti
on
,
re
ac
h
ab
il
it
y
a
n
al
ys
is

an
d
M
a
rk
ov
ia
n
a
n
al
ys
is
.

S
im
u
la
ti
o
n
is
a
te
ch
n
iq
u
e
to
a
n
a
ly
se
a
sy
st
em
by
co
n
d
u
ct
in
g
co
nt
ro
ll
ed
ex
p
er
im
en
ts
.

B
ec
au
se
si
m
u
la
ti
o
n
d
o
es
n
o
t
re
q
u
ir
e
d
i�
cu
lt
m
a
th
em
at
ic
al
te
ch
n
iq
u
es
,
it
is
ea
sy
to

u
n
d
er
st
a
n
d
fo
r
p
eo
p
le
w
it
h
a
n
on
-t
ec
h
n
ic
a
l
b
a
ck
g
ro
u
n
d
.
S
im
u
la
ti
on
is
al
so
a
ve
ry

p
ow
er
fu
l
a
n
a
ly
si
s
te
ch
n
iq
u
e,
si
n
ce
it
d
o
es
n
o
t
se
t
ad
d
it
io
n
al
re
st
ra
in
ts
.
H
ow
ev
er
,

so
m
et
im
es
si
m
u
la
ti
o
n
is
ex
p
en
si
ve
in
te
rm
s
of
th
e
co
m
p
u
te
r
ti
m
e
n
ec
es
sa
ry
to
ob
ta
in

re
li
a
b
le
re
su
lt
s.
A
n
o
th
er
d
ra
w
b
ac
k
is
th
e
fa
ct
th
a
t
(i
n
ge
n
er
al
)
it
is
n
ot
p
os
si
b
le
to

u
se
si
m
u
la
ti
on
to
p
ro
ve
th
at
th
e
sy
st
em
h
as
th
e
d
es
ir
ed
se
t
of
p
ro
p
er
ti
es
.

R
ec
en
t
d
ev
el
op
m
en
ts
in
co
m
p
u
te
r
te
ch
n
o
lo
g
y
st
im
u
la
te
th
e
u
se
of
si
m
u
la
ti
on
fo
r

th
e
a
n
al
ys
is
o
f
ti
m
ed
co
lo
u
re
d
P
et
ri
n
et
s.
T
h
e
in
cr
ea
se
d
p
ro
ce
ss
in
g
p
ow
er
al
lo
w
s

fo
r
th
e
si
m
u
la
ti
o
n
o
f
la
rg
e
n
et
s.
M
o
d
er
n
g
ra
p
h
ic
al
sc
re
en
s
ar
e
fa
st
an
d
h
av
e
a

h
ig
h
re
so
lu
ti
o
n
.
T
h
er
ef
or
e,
it
is
p
os
si
b
le
to
vi
su
a
li
ze
a
si
m
u
la
ti
on
gr
ap
h
ic
al
ly
(i
.e
.

an
im
a
ti
on
).

R
ea
ch
a
bi
li
ty
a
n
a
ly
si
s
is
a
te
ch
n
iq
u
e
w
h
ic
h
co
n
st
ru
ct
s
a
re
ac
h
ab
il
it
y
gr
ap
h
,
so
m
e-

ti
m
es
re
fe
rr
ed
to
as
re
a
ch
a
b
il
it
y
tr
ee
or
o
cc
u
rr
en
ce
g
ra
p
h
(c
f.
Je
n
se
n
[1
3]
,
[1
5]
).

S
u
ch
a
re
a
ch
ab
il
it
y
g
ra
p
h
co
nt
ai
n
s
a
n
o
d
e
fo
r
ea
ch
p
o
ss
ib
le
st
at
e
an
d
an
ar
c
fo
r

ea
ch
p
os
si
b
le
st
a
te
ch
an
g
e.
R
ea
ch
a
b
il
it
y
an
a
ly
si
s
is
a
ve
ry
p
ow
er
fu
l
m
et
h
o
d
in
th
e

se
n
se
th
at
it
ca
n
b
e
u
se
d
to
p
ro
ve
al
l
k
in
d
s
of
p
ro
p
er
ti
es
.
A
n
ot
h
er
ad
va
nt
ag
e
is

th
e
fa
ct
th
a
t
it
d
o
es
n
ot
se
t
a
d
d
it
io
n
al
re
st
ra
in
ts
.
O
bv
io
u
sl
y,
th
e
re
ac
h
ab
il
it
y
gr
ap
h

n
ee
d
ed
to
p
ro
ve
th
es
e
p
ro
p
er
ti
es
m
ay
,
ev
en
fo
r
sm
a
ll
n
et
s,
b
ec
om
e
ve
ry
la
rg
e
(a
n
d

of
te
n
in
�
n
it
e)
.
If
w
e
w
a
nt
to
in
sp
ec
t
th
e
re
a
ch
ab
il
it
y
gr
a
p
h
by
m
ea
n
s
of
a
co
m
-

p
u
te
r,
w
e
h
av
e
to
so
lv
e
th
is
p
ro
b
le
m
.
T
h
is
is
th
e
re
a
so
n
se
ve
ra
l
au
th
or
s
d
ev
el
op
ed

re
d
u
ct
io
n
te
ch
n
iq
u
es
(H
u
b
n
er
et
al
.
[1
2
]
an
d
V
a
lm
a
ri
[2
6
])
.
U
n
fo
rt
u
n
at
el
y,
it
is
n
ot

kn
ow
n
h
ow
to
ap
p
ly
th
es
e
te
ch
n
iq
u
es
to
ti
m
ed
co
lo
u
re
d
P
et
ri
n
et
s.

F
or
ti
m
ed
(c
ol
ou
re
d
)
P
et
ri
n
et
s
w
it
h
ce
rt
ai
n
ty
p
es
of
st
o
ch
as
ti
c
d
el
ay
s
it
is
p
os
si
b
le

to
tr
an
sl
a
te
th
e
n
et
in
to
a
co
n
ti
n
u
o
u
s
ti
m
e
M
a
rk
o
v
ch
a
in
.
T
h
is
M
ar
ko
v
ch
ai
n
ca
n

b
e
u
se
d
to
ca
lc
u
la
te
p
er
fo
rm
a
n
ce
m
ea
su
re
s
li
ke
th
e
av
er
a
ge
nu
m
b
er
of
to
ke
n
s
in
a

p
la
ce
a
n
d
th
e
av
er
ag
e
�
ri
n
g
ra
te
of
a
tr
a
n
si
ti
o
n
.

If
al
l
th
e
d
el
ay
s
ar
e
sa
m
p
le
d
fr
o
m
a
n
eg
at
iv
e
ex
p
o
n
en
ti
a
l
p
ro
b
ab
il
it
y
d
is
tr
ib
u
ti
on
,

th
en
it
is
ea
sy
to
tr
a
n
sl
a
te
th
e
ti
m
ed
P
et
ri
n
et
in
to
a
co
nt
in
u
ou
s
ti
m
e
M
ar
ko
v
ch
ai
n
.

8

W

.M

.P
.
V
A
N

D
E
R

A
A
L
S
T

A
N
D

M

.A
.
O

D
I
J
K

s
1

2

1

s
1

2

2

:
:
:

:
:
:

:
:
:

�
�
�
�
�	

s
1

1

s
1

2

s
1

3

s
1

i

�
�
�
�
�	
s
1

i1

A A
A A

AU

:
:
:

:
:
:

s
1

ij

:
:
:

�
�
�
�
�
�
�
�
�
��

s
1

�
�
�
�
�	

� � � � ��

@
@
@
@
@R

� � � � ��

F
ig
u
re
4
.
A
re
a
ch
a
b
il
it
y
g
ra
p
h

S
ev
er
al
au
th
or
s
at
te
m
p
te
d
to
in
cr
ea
se
th
e
m
o
d
el
li
n
g
p
ow
er
by
al
lo
w
in
g
ot
h
er
k
in
d
s

of
d
el
ay
s,
fo
r
ex
am
p
le
m
ix
ed
d
et
er
m
in
is
ti
c
an
d
n
eg
at
iv
e
ex
p
on
en
ti
al
d
is
tr
ib
u
te
d

d
el
ay
s,
an
d
p
h
as
e-
ty
p
e
d
is
tr
ib
u
te
d
d
el
ay
s
(s
ee
A
jm
on
e
M
ar
sa
n
et
al
.
[1
6]
).
O
n
ly
a

fe
w
st
o
ch
as
ti
c
P
et
ri
n
et
m
o
d
el
s
(a
n
d
re
la
te
d
an
al
ys
is
te
ch
n
iq
u
es
)
al
lo
w
fo
r
co
lo
u
re
d

to
ke
n
s,
b
ec
au
se
th
e
in
cr
ea
se
d
m
o
d
el
li
n
g
p
ow
er
is
o
�
se
t
b
y
co
m
p
u
ta
ti
on
al
d
i�
cu
lt
ie
s.

T
h
is
is
th
e
re
as
on
st
o
ch
as
ti
c
h
ig
h
-l
ev
el
P
et
ri
n
et
s
ar
e
o
ft
en
u
se
d
in
a
si
m
u
la
ti
on

co
n
te
xt
on
ly
.

B
es
id
es
th
e
af
or
em
en
ti
on
ed
te
ch
n
iq
u
es
to
an
al
ys
e
th
e
b
eh
av
io
u
r
of
ti
m
ed
co
lo
u
re
d

P
et
ri
n
et
s,
th
er
e
ar
e
se
ve
ra
l
an
al
ys
is
te
ch
n
iq
u
es
fo
r
P
et
ri
n
et
s
w
it
h
ou
t
`c
ol
ou
r'
or

ex
p
li
ci
t
`t
im
e'
.
A
s
an
ex
am
p
le
,
w
e
m
en
ti
on
th
e
ge
n
er
at
io
n
of
p
la
ce
an
d
tr
an
si
ti
on

in
va
ri
an
ts
,
w
h
ic
h
m
ay
b
e
u
se
d
to
ve
ri
fy
p
ro
p
er
ti
es
w
h
ic
h
ar
e
ti
m
e
in
d
ep
en
d
en
t.
F
or

m
or
e
in
fo
rm
at
io
n
ab
ou
t
th
e
ca
lc
u
la
ti
on
o
f
in
va
ri
an
ts
in
a
co
lo
u
re
d
P
et
ri
n
et
,
se
e

Je
n
se
n
[1
3]
,
[1
5]
.

T
h
e
M
o
d
i�
e
d
T
r
a
n
si
ti
o
n
S
y
st
e
m

R
e
d
u
c
ti
o
n
T
e
c
h
n
iq
u
e
is
a
te
ch
n
iq
u
e
w
h
ic
h

ge
n
er
at
es
th
e
r
e
d
u
c
e
d
r
e
a
c
h
a
b
il
it
y
g
r
a
p
h
to
an
sw
er
al
l
ki
n
d
s
of
qu
es
ti
on
s.

If
w
e
tr
y
to
co
n
st
ru
ct
th
e
re
ac
h
ab
il
it
y
gr
ap
h
of
an
IT
C
P
N
in
a
st
ra
ig
ht
fo
rw
ar
d

m
an
n
er
w
e
ge
t
in
to
p
ro
b
le
m
s.
T
h
e
b
as
ic
id
ea
of
a
re
ac
h
ab
il
it
y
g
ra
p
h
is
to
or
ga
n
iz
e

al
l
re
ac
h
ab
le
m
ar
ki
n
gs
in
a
gr
ap
h
,
w
h
er
e
ea
ch
n
o
d
e
re
p
re
se
nt
s
a
st
a
te
a
n
d
ea
ch

ar
c
re
p
re
se
nt
s
an
ev
en
t
tr
an
sf
or
m
in
g
on
e
st
at
e
in
to
an
ot
h
er
st
at
e.
C
on
si
d
er
fo
r

ex
am
p
le
th
e
re
ac
h
ab
il
it
y
g
ra
p
h
sh
ow
n
in
�
gu
re
4.
S
u
p
p
o
se
th
at
s
1

is
th
e
in
it
ia
l

st
at
e
of
th
e
IT
C
P
N
w
e
w
an
t
to
co
n
si
d
er
.
T
h
is
st
at
e
is
co
n
n
ec
te
d
to
a
nu
m
b
er
o
f

st
at
es
s
1

1

;
s
1

2

;
s
1

3

;
::
re
ac
h
a
b
le
fr
o
m
s
1

by
th
e
�
ri
n
g
of
so
m
e
tr
a
n
si
ti
o
n
,
i.
e.
s
1

�
!

s
1

i.
T
h
es
e
st
at
es
ar
e
ca
ll
ed
th
e
`s
u
cc
es
so
rs
'
(o
r
ch
il
d
re
n
)
of
th
e
s
1

.
R
ep
ea
ti
n
g

th
is
p
ro
ce
ss
p
ro
d
u
ce
s
th
e
gr
ap
h
ic
al
re
p
re
se
nt
at
io
n
of
th
e
re
ac
h
ab
il
it
y
gr
ap
h
,
se
e

�
gu
re
4.
S
u
ch
a
re
ac
h
ab
il
it
y
gr
ap
h
co
n
ta
in
s
al
l
re
le
va
nt
in
fo
rm
at
io
n
ab
ou
t
th
e

d
yn
am
ic
b
eh
av
io
u
r
of
th
e
sy
st
em
.
If
w
e
a
re
ab
le
to
ge
n
er
at
e
th
is
gr
ap
h
,
w
e
ca
n



PETRI NET BASED ANALYSIS OF RAILWAY STATIONS 9

answer many questions about the behaviour of the system. However, for an ITCPN

this graph is generally in�nite! This is mainly caused by the fact that we use interval

timing. Consider an enabled transition t. In general, there is an in�nite number

of allowed �ring delays, all resulting in a di�erent state. If transition t produces

a token for a place with a delay x speci�ed by the delay interval [1; 3], then every

delay x between 1 and 3 is allowed. Moreover, every x leads to a di�erent state.

Since one �ring already results in a `fan-out' of reachable states, the reachability

graph cannot be used to analyse the system.

To avoid this fan-out problem, we propose a reduction which aggregates states into

state classes. Informally speaking, state classes are de�ned as the union of sim-

ilar states having the same token distribution (marking) but di�erent timestamps

(within certain bounds).

A state s of an ITCPN is a multi-set of tuples hhp; vi; xi. Each tuple hhp; vi; xi

corresponds to one token in the net; p is the location of the token (i.e. the place

where it resides), v is the value (colour) of the token and x is the timestamp of the

token (i.e. the time it becomes available).

A state class s is also a multi-set of tuples hhp; vi; [y; z]i. Each tuple also corre-

sponds to one token in the net. However, instead of a timestamp each token has a

time-interval. Each state class corresponds to a set of states and vice versa. State

class s corresponds to state s if and only if there is a bijection between the tokens

in s and s such that hhp; vi; [y; z]i is mapped onto hhp; vi; xi with x 2 [y; z] (i.e. a

token residing in the same place, having the same value and a timestamp which is

within the time-interval [y; z]). We can think of these state classes as some kind of

equivalence classes.

By using this reduction each token bears a time-interval instead of a timestamp.

Therefore, we have to modify the �ring rules described in section 2.

A transition is still enabled if there are enough tokens on each of its input places.

However, the enabling time of a transition t is given by an interval! The lower

bound of this interval is the minimal enabling time and upper bound of this

interval is the maximal enabling time of t. These bounds are calculated by

taking the maximum of the upper and lower bounds of the time-intervals of the

tokens to be consumed respectively. We will use an example to clarify the modi�ed

�ring rule.

Consider the net shown in �gure 5. Initially, there is one token in place p1 with

an interval of [0; 3], there is one token in p2 with an interval of [2; 5] and there is

one token in p3 with an interval of [4; 6]. Note that this state class s corresponds

to an in�nite number of states in the original reachability graph, for instance the

state with a token in p1 with timestamp 2:4 and a token in p2 with timestamp �

and a token in p3 with timestamp 31=6. Both transitions are enabled. If transition

t1 �res �rst, then the tokens in p1 and p2 are consumed, if transition t2 �res �rst,

then the tokens in p2 and p3 are consumed. The enabling time of t1 is between 2

(ETmin(t1)) and 5 (ETmax(t1)), the enabling time of t2 is between 4 (ETmin(t2))

10 W.M.P. VAN DER AALST AND M.A. ODIJK

[1,3]

[0,2]

t2

t1

p1

p2

p3

[4,6]

[2,5]

[0,3]

p4

Figure 5. An example used to illustrate the modi�ed �ring rule

and 6 (ETmax(t2)). The transition with the smallest enabling time will �re �rst.

Since the intervals associated to the enabling times of the transitions (i.e. [2; 5] and

[4; 6]) overlap it is not determined whether t1 or t2 �res �rst. However, the upper

bound of the transition time (MTmax(s)) is equal to 5, i.e. a transition will �re

before or at time 5. If t1 �res, it will be between 2 (ETmin(t1)) and 5 (MTmax(s)).

If t2 �res, it will be between 4 (ETmin(t2)) and 5 (MTmax(s)). In both cases a

token is produced for place p4. There are two possible terminal states: one with a

token in p3 and p4 and one with a token in p1 and p4. In the �rst case the time

interval of the token in p4 is [2; 7], because the delay interval of a token produced

by t1 is [0; 2]. In the second case the time interval of the token in p4 is [5; 8]. Using

intervals rather than timestamps prevented us from having to consider all possible

delays in the intervals [0; 2] and [1; 3], i.e. it su�ces to consider upper and lower

bounds.

In Van der Aalst [2] and [3] a formal de�nition of these alternative semantics are

given. If we use these semantics to construct a reachability graph, we obtain the

reduced reachability graph which is �nite for any practical application (see [2]).

The alternative semantics have been introduced for computational reasons only.

However, calculating the reduced reachability graph only makes sense if the reduced

reachability graph can be used to deduce properties of the original reachability

graph which represents the behaviour of the ITCPN. Therefore, we have to prove

that there exists some meaningful relationship between the original reachability

graph and the reduced reachability graph. Fortunately, the alternative semantics

are `sound' which means that any state reachable in the original reachability graph

is also reachable in the reduced reachability graph. A formal proof is given in [2]
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A
s1 p1 s4

s2 s3

p2

B

Figure 6. A simple railway station

and [3]. In these references it is also shown that the opposite is not true, i.e. the

alternative semantics are not `complete'.

Despite the non-completeness, the soundness property allows us to answer various

questions. We can prove that a system has a desired set of properties by proving

it for the modi�ed transition system. For example, we can often use the reduced

reachability graph to prove boundedness, absence of traps and siphons (deadlocks),

etc. The reduced reachability graph may also be used to analyse the performance

of the system modelled by an ITCPN. With performance we mean characteristics,

such as: response times, occupation rates, transfer rates, throughput times, failure

rates, etc. The MTSRT method can be used to calculate bounds for these perfor-

mance measures. Although these bounds are sound (i.e. safe) they do not have

to be as tight as possible, because of possible dependencies between tokens (non-

completeness). However, experimentation shows that the calculated bounds are

often of great value and far from trivial. Moreover, we are able to answer questions

which cannot be answered by simulation or the method proposed by Berthomieu

et al. [6].

We have modelled and analysed many examples using the approach presented in

this paper, see Van der Aalst [1], [2] and Odijk [20]. To facilitate the analysis of

real-life systems we have developed an analysis tool, called IAT ([2]). This tool

also supports more traditional kinds of analysis such as the generation of place and

transition invariants. IAT is part of the software package ExSpect (see ASPT [5],

Van Hee et al. [11] and Van der Aalst [2], [4]).

4. Analysis of railway stations

4.1. Modelling a railway station

In this section we show how to model a railway station, i.e. a junction of railways,

in terms of an interval timed coloured Petri net. Figure 6 shows a railway junction

which is divided into a number of sections. Each of the sections p1 and p2 cor-

responds to a platform. There are two switches; one in section s2 and one in s3.

We assume that every train arrives via entry point A and leaves via exit point B.

In this case there are two routes, one via platform p1 (route r1) and the other one

via platform p2 (route r2).

12 W.M.P. VAN DER AALST AND M.A. ODIJK

r1_begin lock_r1 r1_1 release_r1_s1 r1_2 r1_3 r1_4 r1_5release_r1_s2 release_r1_p1 release_r1_s3 release_r1_s4 r1_end

r2_begin lock_r2 release_r2_s1r2_1 r2_2 release_r2_s2 r2_3 r2_4release_r2_p2 release_r2_s3 r2_5 r2_end

p2

p1

s3

s4

s1

s2

release_r2_s4

Figure 7. An ITCPN for a simple railway junction

When a train enters a section, it takes between 0.40 and 0.45 minutes to release

this section. Stopping alongside a platform takes between 4 and 6 minutes. We can

specify a route by a list of sections and durations:

r1: s1[0.4,0.45] s2[0.4,0.45] p1[4,6] s3[0.4,0.45] s4[0.4,0.45]

r2: s1[0.4,0.45] s2[0.5,0.55] p2[4,6] s3[0.5,0.55] s4[0.4,0.45]

Note that each duration is speci�ed by an interval, i.e. an optimistic and a pes-

simistic estimate. Given such a speci�cation of the possible routes inside the rail-

way station, we have su�cient information to construct the corresponding ITCPN

shown in �gure 7. Each section corresponds to a place (s1, s2, p1, p2, s3 and

s4) and each route corresponds to a subnet which locks and releases sections.

We use the route-locking sectional-release principle. Trains for route r1 enter via

place r1 begin. If such a train arrives and the sections s1, s2, p1, s3 and s4

are free, then transition lock r1 �res. (Otherwise the train has to wait until the

speci�ed sections are released.) Transition lock r1 consumes a token from each

place which represents a section on route r1. Transition lock r1 produces a to-

ken for place r1 1 with a delay between 0.40 and 0.45 time units. Transition

release r1 s1 releases section s1 and produces a token for place r1 2 with a delay

between 0.40 and 0.45 time units, etc. Transition release r1 s4 releases the last

section locked by the train and produces a token for r1 end. Note that each of the

places r1 begin, r1 1, r1 2, .. ,r1 end corresponds to a stage in process of

using route r1. Route r2 is modelled in a similar way (see �gure 7).
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r1_begin lock_r1 r1_1 release_r1_s1 r1_2 r1_3release_r1_s2

r2_begin lock_r2 release_r2_s1r2_1 r2_2 release_r2_s2 r2_3

p2

p1

s4

s1

s2

r1_4 r1_5release_r1_s3 release_r1_s4 r1_end

lock_r1_2

s3

release_r1_p1

r2_4release_r2_p2 release_r2_s3 r2_5 r2_endrelease_r2_s4

lock_r2_2

r1_cont

r2_cont

Figure 8. The modi�ed ITCPN

To support the construction of such a net, we have developed a tool which auto-

matically translates the speci�cation of the possible routes into an ITCPN.

We have to modify the net shown in �gure 7 if there are trains that claim only a

part of the route. Consider for example a train locking the route from the entry

point until the platform. When this train is ready to leave the platform, the second

part of the route is locked. We can modify the net shown in �gure 7 to model this

principle, see �gure 8. A train which follows route r1 �rst locks sections s1,s2 and

p1, then just before this train leaves the platform p1, the sections s3 and s4 are

locked.

It is also possible to model alternative routes, etc. Since the nets can be generated

automatically the size and complexity of these nets is not a real problem. (Note

that the size of the net is linear in the number of routes and sections.)

In the remainder of this section we will show how we can analyse such a net which

represents railway junction. First, we will discuss the application of analysis tech-

niques to derive structural properties of the net. Secondly we will apply the MTSRT

to analyse the dynamic behaviour of a railway station. Finally, we focus on the

simulation study that has been performed to analyse the railway station in Arnhem

(The Netherlands).
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4.2. Structural analysis

Several analysis methods have been developed to �nd and verify structural proper-

ties of classical Petri nets ([19], [24], [18]). Although some of these techniques have

been extended to nets with `colour', most of them are only feasible for uncoloured

nets. Since the nets considered in this section are uncoloured, we can apply these

methods without any problems.

Let us start with the calculation of place and transition invariants for the net shown

in �gure 7.

A place invariant (P-invariant) is a weighted token sum, i.e. a weight is associated

with every token in the net. This weight is based on the location (place) and the

value (colour) of the token. A place invariant holds if the weighted token sum of

all tokens remains constant during the execution of the net. Consider for example

the following place invariant:

r1 begin + r1 1 + r1 2 + r1 3 + r1 4 + r1 5 + r1 end = C

This invariant says that trains on route r1 do not get `lost', i.e. the total number of

tokens in the places r1 begin, r1 1, r1 2, r1 3, r1 4, r1 5 and r1 end cannot

be changed by the �ring of any transition. Another invariant is:

s1 + r1 1 + r2 1 = 1

This invariant shows that section s1 is `safe', i.e. only one train is allowed to

lock a section at the same time. Similar invariants hold for route r2 and the other

sections.

Transition invariants (T-invariants) are the duals of place invariants and the basic

idea behind them is to �nd �ring sequences with no e�ects, i.e. �ring sequences

which reproduce the initial state. The net shown in �gure 7 has no transition

invariants. However, if we add a transition r1 wait with input place r1 end and

output place r1 begin, then we �nd the following transition invariant:

lock r1 + release r1 s1 + release r1 s2 + release r1 p1 +

release r1 s3 + release r1 s4

This means that �ring each of these transitions once results in the initial state.

Many algorithms and tools have been developed to calculate invariants (see [2],

[19], [24], [18]).

A B
p1 p2s1 s2

Figure 9. A railway station with a potential `deadlock'

There are also some less trivial structural properties that can be investigated by

applying Petri net based analysis techniques. Consider for example the station

modelled in �gure 9. Suppose there are two routes; one from A to B (r1) and one

from B to A (r2). Trains using route r1 stop alongside platform p1 and trains using
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route r2 stop alongside platform p2. Suppose two trains arrive at the same time

from di�erent directions; train 1 locks s1 and p1 and train 2 locks s2 and p2 (see

section 4.1). Now both trains become blocked, i.e. a `deadlock' occurs. For this

simple railway station the existence of this deadlock is obvious, however for real

stations it is hard to detect these potential deadlocks. Note that in a terminal

station there may be many potential deadlocks.

Fortunately, we can �nd these deadlocks by applying Petri net based analysis

techniques. First, we connect the entry and exit places by adding transitions (e.g.

r1 wait). Then, we determine whether the net is structurally live. A net is struc-

turally live if and only if there is an initial state s such that for any transition t

and any state reachable from s there is �ring sequence possible that �res transition

t (see Murata [19]). There is a direct relation between the blocking of a train and

this liveness property; a deadlock of trains is possible if and only if the net is not

structurally live. There are special techniques to determine liveness. We can also

construct the occurrence graph to �nd these deadlocks.

4.3. Applying the MTSRT method

We are also interested in the dynamic properties of an ITCPN which models a

railway station. Interesting performance measures are:

� throughput (or waiting) times of trains,

� occupation rates of sections.

Consider for example the railway station shown in �gure 10. For this railway

station we de�ne the following set of routes:

1. ADa: s11[0.4,0.45] s12[0.4,0.45] s13[0.4,0.45] s14[0.4,0.45]

p11[4.0,6.0] p12[0.0,0.0] s15[0.4,0.45] s16[0.4,0.45]

2. AEa: s11[0.4,0.45] s12[0.4,0.45] s23[0.4,0.45] s24[0.4,0.45]

p21[4.0,6.0] p22[0.0,0.0] s25[0.4,0.45] s26[0.4,0.45]

3. AEb: s11[0.4,0.45] s12[0.4,0.45] s13[0.4,0.45] s14[0.4,0.45]

p11[0.4,0.45] s5[0.4,0.45] p22[0.4,0.45] s25[0.4,0.45] s26[0.4,0.45]

4. AFa: s11[0.4,0.45] s12[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]

s35[0.4,0.45] p31[4.0,6.0] p32[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]

5. AFb: s11[0.4,0.45] s12[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]

s35[0.4,0.45] p41[4.0,6.0] p42[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]

6. BDa: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s24[0.4,0.45]

p21[4.0,6.0] s5[0.0,0.0] p12[0.0,0.0] s15[0.4,0.45] s16[0.4,0.45]

7. BEa: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s24[0.4,0.45]

p21[4.0,6.0] p22[0.0,0.0] s25[0.4,0.45] s26[0.4,0.45]
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8. BFa: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]

s35[0.4,0.45] p31[4.0,6.0] p32[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]

9. BFb: s21[0.4,0.45] s22[0.4,0.45] s23[0.4,0.45] s34[0.4,0.45]

s35[0.4,0.45] p41[4.0,6.0] p42[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]

10. CFa: s31[0.4,0.45] s32[0.4,0.45] s33[0.4,0.45] s34[0.4,0.45]

s35[0.4,0.45] p31[4.0,6.0] p32[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]

11. CFb: s31[0.4,0.45] s32[0.4,0.45] s33[0.4,0.45] s34[0.4,0.45]

s35[0.4,0.45] p41[4.0,6.0] p42[0.0,0.0] s36[0.4,0.45] s37[0.4,0.45]

A
s11 s12 s13 p11

D
s14 p12

B

C F

E

s15 s16

s21 s22 s24

s31 s32 s33 s37

s35 s36

s34

s23

p21 p22

p31 p32

p41 p42

s5

s25 s26

Figure 10. A railway station

Route AFb runs from entry point A to exit point B via platform p41. Trains using

route AEb move from entry point A to exit point E via section s5 without stopping.

The time required to pass a section is assumed to be between 0.40 minutes and 0.45

minutes. Note that this interval may depend upon the characteristics of the route

and the section.

We can automatically transform this description into an interval timed coloured

Petri net as shown in section 4.1. The generated net contains 107 transitions and

146 places, 28 places are used to represent the sections (s11, .. s37) and the

other places mark stages of trains using a speci�c route.

The initial state of this net is generated on the basis of a given timetable. Table 1

shows the �rst timetable we are going to analyse. The timetable describes arrivals

of trains for a speci�c hour. Since most stations use an hourly schedule during

daytime, it is reasonable to analyse one hour in isolation. Each place which marks

the beginning of a route contains the appropriate number of tokens bearing a proper

timestamp, e.g. place ADa begin contains two tokens, one with timestamp 0 and

the other with timestamp 30.

Since we have an ITCPN and an initial state, we are able to apply the MTSRT
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Figure 11. An animation of the railway station Arnhem

4.4. Simulation

Another approach to this problem was performed by the Dutch Railway Company

(NS) in cooperation with Bakkenist, Delft University of Technology and Eindhoven

University of Technology. This approach is also based of Petri nets, but uses sim-

ulation to analyse station operating schedules and infrastructures. The software

package ExSpect has been used to model the dynamic behaviour of trains in a

station in much more detail. Parameters of this model are lengths of platforms

and sections, characteristics of trains (length, acceleration, maximum speed, etc.),

track layout, alternative routes, preference structures, etc. The graphical interface

can be used enter these parameters and the resulting Petri net can be simulated

by ExSpect ([21], [22]). During the simulation it is possible to monitor train move-

ments, conicts, etc. At the end of each run statistics like average waiting times,

occupation rates, etc. are reported. It is even possible to animate the railway

station, see �gure 11.

If we compare this simulation approach with the approach based on the ITCPN

model, we see some striking di�erences. The simulationmodel is much closer to the

actual situation than the ITCPN model described in section 4.1. However, there is

a lot of data required to start up the simulation and the simulation runs cannot be

used to prove properties!

5. Conclusion

In this paper we have used ITCPN's to model and analyse railway stations. The

ITCPN model uses a new timing mechanism where time is associated with tokens

and transitions determine a delay speci�ed by an interval. Specifying each delay

by an interval rather than a deterministic value or stochastic variable is promising,

since it is possible to model uncertainty without having to bother about the delay

distribution.

20 W.M.P. VAN DER AALST AND M.A. ODIJK

We have shown that the MTSRT method can been used to analyse throughput

and waiting times of trains in railway stations. This MTSRT method constructs

a reduced reachability graph. In such a graph a node corresponds to a set of

(similar) states, instead of a single state. The reduced reachability graph can be

used to prove certain properties or to calculate accurate bounds for all kinds of

performance measures (e.g. throughput times, waiting times, occupation rates).

The bounds calculated for these performance measures are always valid. Therefore,

the proposed approach is extremely useful when evaluating the design of a time-

critical system like a railway station.

Moreover, other Petri net based analysis techniques can be used to detect poten-

tial deadlocks of trains, etc.

We also used simulation to do a more detailed analysis of the dynamic behaviour

of the railway station in Arnhem.
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b
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e
se
t
of
al
l
m
u
lt
i-
se
ts
ov
er
A
.
T
h
e
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p
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b
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p
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=
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